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Interaction between photons and phonons is enhanced
 and can be tuned in situ by a laser

Optomechanics:

to cool the ions or prepare other quantum states of
interest.5 However, cavity optomechanics differs in
an important and attractive aspect: Whereas conven-
tional laser cooling relies on the fixed internal reso-
nances of materials to enhance light– matter interac-
tions, cavity opto mechanical cooling allows one to
engineer the resonance-enhancing structure. That
structure could be an optical cavity with a series of
narrow resonances or a microwave cavity such as a
superconducting LC circuit. 

A tale of few phonons
Until recently, the pioneering developments in opto -
mechanical coupling went largely unnoticed outside
of the experimental gravitation and quantum optics
communities. Michael Roukes, who realized nearly
two decades ago that high-frequency nanoscale me-
chanical devices could be chilled to the quantum
regime, is a  notable exception. Advances in materials
science and nanofabrication—particularly the rise of
nano- and microelectromechanical systems and opti-

cal microcavities—have since
opened the possibility of cou-
pling quantum optical modes
with mechanical devices in table-
top experiments.6 The original
ideas of optomechanical coupling
were extended in many new di-
rections and realized in widely
varied optomechanical systems
(see figure 3). In the past year,
those efforts have culminated in
the cooling of at least three differ-
ent micro mechanical systems to
within a fraction of a phonon of
their ground state of vibrational
motion. (Here and below, unless
otherwise specified, mechanical
cooling refers to cooling of the
center-of-mass motion.)

In a NIST experiment led by
John Teufel and Ray Simmonds,7

the mechanical resonator was a
circular aluminum membrane,
15 µm across and 100 nm thick,
that underwent drum-like vibra-
tions with a resonance frequency
of 10 MHz (see figure 3e). The
membrane was tightly coupled
to a superconducting microwave
cavity and chilled in a cryostat to
20 mK, at which the phonon
 occupation N was about 40.
 Sideband cooling was then used
to cool the membrane to N ≈ 0.3. 

At Caltech, Oskar Painter
and colleagues were similarly
successful using a 15-µm-long,
600-nm-wide, and 100-nm-thick
silicon beam as the opto -
mechanical system (see fig-
ure 3b).8 Clamped at both ends
to a silicon wafer, the suspended
beam acts  simultaneously as a
mechanical resonator and an

optical cavity. The mechanical mode of interest was
a breathing mode, a periodic widening and nar-
rowing that is most pronounced near the beam’s
midpoint and has a remarkably high quality factor
of 105. (On average, a phonon survives 105 oscilla-
tions before being lost to the environment.) And
periodic perforations patterned into the beam cre-
ate a photonic crystal cavity that confines light to
the same region around the beam’s midpoint. 

The co- localization of light and vibrational mo-
tion in such a small volume facilitates large opto-
mechanical coupling. Thus, after cryogenically
chilling the structure to 20 K, at which N ≈ 100, the
researchers could use sideband cooling to remove
the remaining phonons and cool the beam to
N ≈ 0.8. At that point, the group was able to observe
another genuine quantum feature: Near the ground
state, a mechanical resonator is significantly more
likely to absorb phonons than to emit them, and
that asymmetry reveals itself experimentally as a
preferential sideband scattering of blue-detuned
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Figure 3. Cavity optomechanical devices range from nanometer-sized structures of as
 little as 107 atoms and 10−20 kg to micromechanical structures of 1014 atoms and 10−11 kg to
macroscopic, centimeter-sized mirrors comprising more than 1020 atoms and weighing sev-
eral kilograms. They include (a) gases of ultracold atoms, (d) micro spheres, and (g) micro -
scale membranes, all of which have mechanical resonances that can couple with the light
inside an optical cavity; (b, c) flexible, nanoscale waveguides that have both optical and
 mechanical resonances; (e) superconducting membranes that exhibit drum-like vibrations
and can be integrated into microwave cavities; (f) microtoroidal waveguides having both
optical and mechanical resonances; and mechanically compliant mirrors, which can range
from the microscopic (h) to the macroscopic (i, j) and which introduce mechanical degrees
of freedom to an optical cavity when incorporated as an end mirror. (Figure prepared by
Jonas Schmöle. Images courtesy of (a) Ferdinand Brennecke, ETH Zürich; (d) the Vienna
Center for Quantum Science and Technology; (i) Christopher Wipf; and (j) LIGO Laboratory.
Other images adapted from (b) ref. 8, J. Chan et al.; (c) M. Li et al., Nature 456, 80, 2008; 
(e) ref. 7; (f ) ref. 10, E. Verhagen et al.; (g) J. D. Thompson et al., Nature 452, 72, 2008; and 
(h) G. D. Cole et al., Nat. Commun. 2, 231, 2011.)
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FIG. 1: Overview of the accelerometer design. a, Canonical example of an accelerometer. When the device (blue frame) experiences a
constant acceleration a, a test mass m undergoes a displacement of x = ma/k. b, Frequency response |χ(ω)| of an accelerometer on a log-log
plot featuring a resonance at fm =

�
k/m/2π with Qm = 10. c, False-colored SEM-image of a typical optomechanical accelerometer. A test

mass of size 150 µm×60 µm×400 nm (green) is suspended on highly stressed 150 nm wide and 560 µm long SiN nano-tethers, which allow
for high oscillator frequencies (> 27 kHz) and high mechanical Q-factors (> 106). On the upper edge of the test mass, we implement a zipper
photonic crystal nanocavity (pink). The cross-shaped cuts on the test mass facilitate undercutting the device. d, Zoom-in of the optical cavity
region showing the magnitude of the electric field |E(r)| for the fundamental bonded mode of the zipper cavity. The top beam is mechanically
anchored to the bulk SiN and the bottom beam is attached to the test mass. e, Schematic displacement profile (not to scale) of the fundamental
in-plane mechanical mode used for acceleration sensing. f, SEM-image of an array of devices with different test mass sizes.

(1−2×106), and strong thermo-optomechanical back-action
to damp and cool the thermal motion of the test mass.

Figure 1c shows a scanning-electron microscope image
of the device studied here, with the test mass structure and
nano-tethers highlighted in green. The fundamental in-plane
mechanical mode of this structure is depicted in Fig. 1e
and is measured to have a frequency of fm = 27.5 kHz, in
good agreement with finite-element-method simulations from
which we also extract a motional mass of m = 10×10−12 kg.
The measured mechanical Q-factor is Qm = 1.4×106 in vac-
uum (see appendix G), which results in an estimated ath =
1.4 µg/

√
Hz. The region highlighted in pink corresponds to

the zipper optical cavity used for monitoring test mass mo-
tion, a zoom-in of which can be seen in Figure 1d. The cav-
ity consists of two patterned photonic crystal nanobeams, one
attached to the test mass (bottom) and one anchored to the
bulk (top). The device in Fig. 1c is designed to operate in
the telecom band, with a measured optical mode resonance at
λo = 1537 nm and an optical Q-factor of Qo = 9,500. With
the optical cavity field being largely confined to the slot be-
tween the nanobeams, the optical resonance frequency is sen-
sitively coupled to relative motion of the nanobeams in the
plane of the device (the x̂-direction in Fig. 1c). A displace-
ment of the test mass caused by an in-plane acceleration of the
supporting microchip can then be read-out optically using the
setup shown in Fig. 2a, where the optical transmission through
the photonic crystal cavity is monitored via an evanescently-
coupled fiber taper waveguide [25] anchored to the rigid side
of the cavity. Utilizing a narrow bandwidth (< 300 kHz) laser
source, with laser frequency detuned to the red side of the cav-
ity resonance, fluctuations of the resonance frequency due to
motion of the test mass are translated linearly into amplitude-
fluctuations of the transmitted laser light field (see inset in

Fig. 2a and appendix E). A balanced detection scheme allows
for efficient rejection of laser amplitude noise, yielding shot-
noise limited detection for frequencies above ∼ 1 kHz.

Figure 2b shows the electronic power spectral density
(PSD) of the optically transduced signal obtained from the
device in Fig. 1c. The cavity was driven with an incident
laser power of Pin = 116 µW, yielding an intracavity photon-
number of ≈ 430. The two peaks around 27.5 kHz arise from
thermal Brownian motion of the fundamental in- and out-
of-plane mechanical eigenmodes of the suspended test mass.
The transduced signal level of the fundamental in-plane reso-
nance, the mode used for acceleration sensing, is consistent
with an optomechanical coupling constant of gOM = 2π ×
5.5 GHz/nm, where gOM ≡ ∂ωo/∂x is defined as the optical
cavity frequency shift per unit displacement. The dotted green
line depicts the theoretical thermal noise background of this
mode. The series of sharp features between zero frequency
(DC) and 15 kHz are due to mechanical resonances of the an-
chored fiber-taper. The noise background level of Fig. 2b is
dominated by photon shot-noise, an estimate of which is indi-
cated by the red dotted line. The cyan dotted line in Fig. 2b
corresponds to the electronic photodetector noise, and the pur-
ple dashed line represents the sum of all noise terms. The
broad noise at lower frequencies arises from fiber taper mo-
tion and acoustic pick-up from the environment. The right-
hand axis in Fig. 2b quantifies the optically transduced PSD
in units of an equivalent transduced displacement amplitude
of the fundamental in-plane mode of the test mass, showing a
measured shot-noise-dominated displacement imprecision of
4 fm/

√
Hz (the estimated on-resonance quantum-back-action

displacement noise is 23 fm/
√

Hz, and the corresponding on-
resonance SQL is 2.8 fm/

√
Hz; see appendix I 4).

At this optical power the observed linewidth of the mechan-

Fundamental tests of quantum 
mechanics in a new regime:
entanglement with ‘macroscopic’ objects, 
unconventional decoherence?
[e.g.: gravitationally induced?] 

Precision measurements 
small displacements, masses, forces, and 
accelerations 

Optomechanical circuits & arrays
Exploit nonlinearities for classical and 
quantum information processing, storage, 
and amplification; study collective
dynamics in arrays

Mechanics as a ‘bus’ for connecting 
hybrid components: superconducting 
qubits, spins, photons, cold atoms, ....

Tang lab (Yale)
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interaction.
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one  mechanical mode  and one optical mode interacting by
 radiation pressure

Basics of optomechanics

Ĥ = �ωc(1− x̂/L)a†a+ �Ωb†b

â

Cavity resonant frequency depends on oscillator position
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between number and phase yields a shot-noise limited

imprecision of δθ = 1/
√

N . It seems that this would al-

low for an arbitrarily precise readout, provided one uses a

sufficiently large number of photons. Indeed, this would

be true for an instantaneous readout with a very intense

flash of light.

However, in typical experiments one rather performs

a weak measurement: The noisy signal x(t) determined

from the phase measurement is effectively integrated

over many oscillation periods to average away the noise

and get a sufficient signal-to-noise ratio. That this will

pose a problem can be seen from the general quantum-

mechanical uncertainty principle which holds that it is

impossible to follow the trajectory x(t) of a particle with

arbitrary precision (or, to know both position and mo-

mentum at the same time). It is instructive to see quali-

tatively how that limitation is enforced in our case. The

fluctuating radiation pressure force (again, due to the

photon shot noise) imprints an unavoidable jitter on the

mechanical motion, masking the ’intrinsic’ trajectory.

Each of the photons imparts a random kick, and their

overall effect on the momentum and position will grow

like
√

N , as in a random walk. That effect is called

“backaction noise” and counteracts the increase of phase

readout precision at large N . Thus, there is an optimum

at intermediate photon numbers, where the sum of the

two effects is minimal.

The quantitative analysis outlined below will be

phrased in terms of noise spectra, describing the im-

precision and backaction noise contributions to the over-

all measurement error. In that context, the appropriate

question to ask is how large the error is given a certain

measurement time (which sets the bandwidth over which

the spectra are to be integrated). In thermal equilibrium,

the mechanical oscillator’s phase and amplitude will fluc-

tuate on the scale of the damping time 1/Γm. Thus, this

is the longest reasonable measurement time at our dis-

posal. The outcome of the analysis will be that one can

determine the trajectory (or rather its two quadratures)

up to a precision given by the oscillator’s zero-point fluc-

tuations xZPF = (�/2meffΩm)−1/2
during a time 1/Γm.

This statement (see Eq. (66)) is known as the “standard

quantum limit” of displacement detection in a weak mea-

surement. It is independent of whether the oscillator is

in its ground state or at high temperatures.

2. The standard quantum limit

Before listing the quantitative results, let us state

more formally why there must be a standard quantum

limit. The oscillator’s trajectory can be decomposed into

quadratures:

x̂(t) = X̂ cos(Ωmt) + Ŷ sin(Ωmt) , (60)

where X̂ and Ŷ remain constant during intervals smaller

than the damping time. Since X̂ = x̂(0) and Ŷ =
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Figure 18 Optomechanical systems transduce displacements

into changes of the optically transmitted (or reflected) phase.

Upper panel: amplitude response. Lower panel: phase re-

sponse.

p̂(0)/meffΩm, the commutator [x̂, p̂] = i� carries over to

X̂ and Ŷ , yielding

�
X̂, Ŷ

�
= i�/meffΩm. Heisenberg’s

uncertainty relation thus reads

∆X · ∆Y ≥ �
2meffΩm

= x2
ZPF . (61)

Any simultaneous measurement that tries to measure

both quadratures with equal precision is thus limited to

∆X = ∆Y = xZPF.
9

In the following, we only discuss the most important

results. For a much more extended recent discussion of

the quantum limits to weak measurements, we refer the

reader to (Clerk et al., 2010a). We will consider a single-

sided optical cavity driven at laser detuning ∆ = 0 (the

optimal case), where the number of photons circulating

inside the cavity is n̄cav = 4P/(κ�ωcav). All noise spec-

tral densities will be symmetrized in frequency (indicated

by S̄).

The noise in the optical phase readout δθ ∼ 1/
√

N
induces an imprecision in the x measurement, where

9
Here ∆X =

rD
(X̂ − �X̂�)2

E
.
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photonic mode

vibrational mode

a periodic arrangement of optomechanical modes

photons and phonons hop between different sites as  the  localized 
modes have an evanescent coupling

Optomechanical arrays

Properties and functionalities determined by the geometry but 
also by driving fields!
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Flow of photons and phonon tailored by laser drive

[excitations can be injected and read off locally (or momentum resolved) 
 allowing stationary transport situations]

Optomechanical arrays would combine advantages  of photonics

laser wavefront engineering allows to tune phase and amplitude of
OM coupling to realize

...and tunability rivaling cold atoms in optical lattices
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potential landscapes 
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Barrier laser

Probe laser

Kx + q

emission

M. Schmidt, VP, and F. Marquardt, NJP (2015)

e. g. Klein tunneling for photons
and phonons

nontrivial topologies/ synthetic 
gauge fields
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Patterned dielectric slab (e.g. silicon) with coexisting optical 
and mechanical band  gap forms an OM crystal

An optomechanical array

A defect creates optomechanical building block: a pair of           
co-localized optical and vibrational modes

A periodic arrangement of defects forms an optomechanical array
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Fig. 5. (a) Photonic and (b) phononic bandstructure of the quasi-2D Si snowflake sub-
strate. Schematic of the snowflake slab substrate in (c) real space and (d) reciprocal
space. The band diagrams were calculated for a Si structure with parameters (d,r,w,a) =
(220,200,75,500) nm. For these parameters, there are large simultaneous phononic and
photonic bandgaps.

guided photons and phonons in periodic structures is also an interesting subject of study which
has been recently explored in photonic crystal fiber systems [32]. As will be discussed further
below, studying guided-mode optomechanical properties also allows one to simplify the design
and optimization of cavity optomechanical devices.
When designing optical and mechanical cavities and waveguides, it is desirable to have con-

trol over where the waveguide bands are placed within the frequency bandgap [39]. For ex-
ample, previous demonstrations of photonic crystal cavities have often involved a line defect
waveguide in which a localized cavity resonance was formed by locally tuning the line defect
guided mode out of the bandwidth of the waveguide band and into the bandgap. In previous
work, this tuning has been achieved by changing locally the longitudinal lattice constant along
the guiding direction [41], the width of the line-defect forming the waveguide [42], or the radii
of the holes adjacent to the line-defect region [43]. Figure 7(a) shows an example of a linear
defect waveguide formed in the snowflake crystal slab. This waveguide consists of a row of
snowflake holes which have been removed (a W1-like waveguide), and a transverse variation
of the slowflake hole size has been applied (see Fig. 7 caption for details). Figure 7(b) shows a
corresponding resonant cavity structure formed from the linear defect waveguide.
The photonic and phononic bandstructures of a linear defect waveguide with W = 200 nm

is shown in Fig. 8. In this diagram only the vertically (z) symmetric optical bands are shown.
The waveguide dielectric structure also has a transverse mirror symmetry, σy, about the y-axis
in the middle of the waveguide. The transverse symmetry of each of the mechanical bands
is indicated in Fig. 8 by the color of the band, whereas for the optical waveguide bands we
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(220,200,75,500) nm. For these parameters, there are large simultaneous phononic and
photonic bandgaps.

guided photons and phonons in periodic structures is also an interesting subject of study which
has been recently explored in photonic crystal fiber systems [32]. As will be discussed further
below, studying guided-mode optomechanical properties also allows one to simplify the design
and optimization of cavity optomechanical devices.
When designing optical and mechanical cavities and waveguides, it is desirable to have con-

trol over where the waveguide bands are placed within the frequency bandgap [39]. For ex-
ample, previous demonstrations of photonic crystal cavities have often involved a line defect
waveguide in which a localized cavity resonance was formed by locally tuning the line defect
guided mode out of the bandwidth of the waveguide band and into the bandgap. In previous
work, this tuning has been achieved by changing locally the longitudinal lattice constant along
the guiding direction [41], the width of the line-defect forming the waveguide [42], or the radii
of the holes adjacent to the line-defect region [43]. Figure 7(a) shows an example of a linear
defect waveguide formed in the snowflake crystal slab. This waveguide consists of a row of
snowflake holes which have been removed (a W1-like waveguide), and a transverse variation
of the slowflake hole size has been applied (see Fig. 7 caption for details). Figure 7(b) shows a
corresponding resonant cavity structure formed from the linear defect waveguide.
The photonic and phononic bandstructures of a linear defect waveguide with W = 200 nm

is shown in Fig. 8. In this diagram only the vertically (z) symmetric optical bands are shown.
The waveguide dielectric structure also has a transverse mirror symmetry, σy, about the y-axis
in the middle of the waveguide. The transverse symmetry of each of the mechanical bands
is indicated in Fig. 8 by the color of the band, whereas for the optical waveguide bands we
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space. The band diagrams were calculated for a Si structure with parameters (d,r,w,a) =
(220,200,75,500) nm. For these parameters, there are large simultaneous phononic and
photonic bandgaps.

guided photons and phonons in periodic structures is also an interesting subject of study which
has been recently explored in photonic crystal fiber systems [32]. As will be discussed further
below, studying guided-mode optomechanical properties also allows one to simplify the design
and optimization of cavity optomechanical devices.
When designing optical and mechanical cavities and waveguides, it is desirable to have con-

trol over where the waveguide bands are placed within the frequency bandgap [39]. For ex-
ample, previous demonstrations of photonic crystal cavities have often involved a line defect
waveguide in which a localized cavity resonance was formed by locally tuning the line defect
guided mode out of the bandwidth of the waveguide band and into the bandgap. In previous
work, this tuning has been achieved by changing locally the longitudinal lattice constant along
the guiding direction [41], the width of the line-defect forming the waveguide [42], or the radii
of the holes adjacent to the line-defect region [43]. Figure 7(a) shows an example of a linear
defect waveguide formed in the snowflake crystal slab. This waveguide consists of a row of
snowflake holes which have been removed (a W1-like waveguide), and a transverse variation
of the slowflake hole size has been applied (see Fig. 7 caption for details). Figure 7(b) shows a
corresponding resonant cavity structure formed from the linear defect waveguide.
The photonic and phononic bandstructures of a linear defect waveguide with W = 200 nm

is shown in Fig. 8. In this diagram only the vertically (z) symmetric optical bands are shown.
The waveguide dielectric structure also has a transverse mirror symmetry, σy, about the y-axis
in the middle of the waveguide. The transverse symmetry of each of the mechanical bands
is indicated in Fig. 8 by the color of the band, whereas for the optical waveguide bands we
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Fig. 7. (a) Schematic of aW1-like linear defect waveguide in the quasi-2D snowflake crystal
slab structure. The central row of snowflake holes is completely removed along the x-
direction (Γ-K in reciprocal space), and the remaining top and bottom pieces of the lattice
are shifted by a value W towards each other (effectively a strip of 2W is removed from
the center of the waveguide). A transverse radius variation of the snowflake holes is also
applied. NWGd is the number of rows of holes which take part in forming this defect. The
number rd represents the factor by which the radius of holes on the two rows neighbouring
the center of the defect are reduced; i.e. the radius is changed to r× (1− rd), where r is the
nominal radius. Rows going further out from the center of the waveguide have radii which
scale quadratically to the nominal value of r. (b) Cavities are formed from this line-defect
waveguide by a longitudinal modulation of the waveguide parameters. In this case, the rd
scale factor is varied quadratically from 0 to a desired value at the cavity center along the
length of the waveguide over a period of Nd lattice periods. The cavity structure shown here
has rd = 0.4 at the cavity center, Nd = 10 and NWGd = 7.

ity we have only shown the tuning of the waveguide modes at the zone boundary (X-point for
the optical and Γ-point for the mechanical waveguide modes). From these plots, it is evident
that radius modulations of the snowflake hole tend to tune the optical and mechanical modes
in differing directions, whereas for width modulations (throughW ) of the waveguide the opti-
cal and mechanical frequencies tend to tune in a similar direction (this is not true of the odd
symmetry mechanical mode in this narrow waveguide). A heuristic argument for this behav-
ior goes as follows. For an optical mode, regions of high refractive index, such as the silicon,
tend to reduce the optical frequency for a given curvature (wavevector) of the optical wave.
Quite the opposite is true for mechanical excitations in which the material adds to the stiff-
ness of the structure, thereby generally raising the frequency of acoustic waves. This suggests
that by using a perturbation where the hole sizes are slightly reduced, since we are increas-
ing the amount of high-index(stiffness) material the photon (phonon) sees while keeping the
wavelength constant, the frequency of the mode will decrease (increase). On the other hand,
when the waveguide width is increased, one is in some sense increasing the “transverse” lattice
constant of the crystal. Since the lattice constant sets the wavelength for both the optical and
mechanical modes, increasing it will cause the frequencies of both waves to drop. By using
these perturbations simultaneously, within a certain small range, photonic and phononic bands
may be raised and lowered independently. This is a powerful consequence of using differing
tuning mechanisms, and allows us to design independently the longitudinal (cavity) confining
potentials for phonons and photons.
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b̂j = βj + δb̂j

mechanical bands

optical bands

zo
om

Γ
K

K�

fre
qu

en
cy

M

Brillouin zone

linearized OM interaction: ĤOM ≈ �(gjδâ†jδb̂j + gjδâ
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†
jδb̂

†
j + h.c.)

Wednesday, March 18, 2015



Basic on topological band structures

Schnyder et al., 2009; Ryu et al., 2010!. The classes of
equivalent Hamiltonians are determined by specifying
the symmetry class and the dimensionality. The symme-
try class depends on the presence or absence of T sym-
metry "8! with !2= ±1 and/or particle-hole symmetry
"15! with "2= ±1. There are ten distinct classes, which
are closely related to the classification of random matri-
ces of Altland and Zirnbauer "1997!. The topological
classifications, given by Z, Z2, or 0, show a regular pat-
tern as a function of symmetry class and dimensionality
and can be arranged into the Periodic Table of topologi-
cal insulators and superconductors shown in Table I.

The quantum Hall state "class A, no symmetry; d=2!,
the Z2 topological insulators "class AII, !2=−1; d=2,3!,
and the Z2 and Z topological superconductors "class D,
"2=1; d=1,2! described above are entries in the Peri-
odic Table. There are also other nontrivial entries de-
scribing different topological superconducting and su-
perfluid phases. Each nontrivial phase is predicted via
the bulk-boundary correspondence to have gapless
boundary states. One notable example is superfluid
3HeB "Volovik, 2003; Roy, 2008; Schnyder et al., 2008;
Nagato, Higashitani, and Nagai, 2009; Qi, Hughes, et al.,
2009; Volovik, 2009!, in "class DIII, !2=−1, "2=+1; d
=3! which has a Z classification along with gapless 2D
Majorana fermion modes on its surface. A generaliza-
tion of the quantum Hall state introduced by Zhang and
Hu "2001! corresponds to the d=4 entry in class A or
AII. There are also other entries in physical dimensions
that have yet to be filled by realistic systems. The search
is on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum
spin Hall insulator. This state was originally theorized to

exist in graphene "Kane and Mele, 2005a! and in 2D
semiconductor systems with a uniform strain gradient
"Bernevig and Zhang, 2006!. It was subsequently pre-
dicted to exist "Bernevig, Hughes, and Zhang, 2006! and
was then observed "König et al., 2007! in HgCdTe quan-
tum well structures. In Sec. III.A we introduce the phys-
ics of this state in the model graphene system and de-
scribe its novel edge states. Section III.B reviews the
experiments, which have also been the subject of the
review article by König et al. "2008!.

A. Model system: Graphene

In Sec. II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and T
symmetry. That argument ignored the spin of the elec-
trons. The spin-orbit interaction allows a new mass term
in Eq. "3! with respect to all of graphene’s symmetries.
In the simplest picture, the intrinsic spin-orbit interac-
tion commutes with the electron spin Sz, so the Hamil-
tonian decouples into two independent Hamiltonians for
the up and down spins. The resulting theory is simply
two copies of the model of Haldane "1988! with opposite
signs of the Hall conductivity for up and down spins.
This does not violate T symmetry because time reversal
flips both the spin and #xy. In an applied electric field,
the up and down spins have Hall currents that flow in
opposite directions. The Hall conductivity is thus zero,
but there is a quantized spin Hall conductivity, defined
by Jx

↑−Jx
↓=#xy

s Ey with #xy
s =e /2$—a quantum spin Hall

effect. Related ideas were mentioned in earlier work on
the planar state of 3He films "Volovik and Yakovenko,
1989!. Since it is two copies of a quantum Hall state, the
quantum spin Hall state must have gapless edge states
"Fig. 5!.

TABLE I. Periodic table of topological insulators and superconductors. The ten symmetry classes are labeled using the notation
of Altland and Zirnbauer "1997! "AZ! and are specified by presence or absence of T symmetry !, particle-hole symmetry ", and
chiral symmetry %="!. ±1 and 0 denote the presence and absence of symmetry, with ±1 specifying the value of !2 and "2. As
a function of symmetry and space dimensionality d, the topological classifications "Z, Z2, and 0! show a regular pattern that repeats
when d→d+8.

Symmetry d

AZ ! " % 1 2 3 4 5 6 7 8

A 0 0 0 0 Z 0 Z 0 Z 0 Z
AIII 0 0 1 Z 0 Z 0 Z 0 Z 0

AI 1 0 0 0 0 0 Z 0 Z2 Z2 Z
BDI 1 1 1 Z 0 0 0 Z 0 Z2 Z2

D 0 1 0 Z2 Z 0 0 0 Z 0 Z2

DIII −1 1 1 Z2 Z2 Z 0 0 0 Z 0
AII −1 0 0 0 Z2 Z2 Z 0 0 0 Z
CII −1 −1 1 Z 0 Z2 Z2 Z 0 0 0
C 0 −1 0 0 Z 0 Z2 Z2 Z 0 0
CI 1 −1 1 0 0 Z 0 Z2 Z2 Z 0

3052 M. Z. Hasan and C. L. Kane: Colloquium: Topological insulators

Rev. Mod. Phys., Vol. 82, No. 4, October–December 2010

Periodic table of topological band structures

It classifies topological band structures based on symmetries
(time reversal, chiral, particle-hole) and dimensionality.

It applies to fermionic insulators, superconductors but also non-
interacting bosons  if  particle numbered is conserved.

Hasan and Kane, RMP (2010)
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c†kĥkck ck = (N)−1/2
�

j

e−ik·rj (âjA, âjB , âjC , b̂jA, b̂jB , b̂jC)

Rewrite Hamiltonian in momentum space
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Synthetic gauge fields for phonons
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a small array of three sites form a “phonon circulator”, 
Habraken et al., New Journal of Physics, 14, 115004 (2012)
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In a Kagome array a driving with a pattern of phases creates a 
staggered synthetic field

Anomalous quantum Hall physics in a Kagome lattice, 
Ohgushi, Murakami, Nagaosa, PRB, 14, 115004 (1988)

but here long range hopping possible....
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Chiral edge states

Band insulator I

Band insulator II
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What could go wrong:

Is  phonon transport  topologically protected?

Dissipation could smear the band gap:
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‣ Example of topological phases of 
phonons in the solid state (once 
realized in the experiment)

‣ Strong coupling regime: Two physically 
different particle species

‣ Full optical control and readout

‣ Create arbitrary domains using spatial 
laser profile, reconfigure edge states

‣ Time-dependent control: quenches of 
topological phases

VP, C. Brendel, M. Schmidt, and F. Marquardt, arXiv:1409.5375 (2014)
Conclusions and Outlook
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