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ABSTRACT

Discrimination task is treated in the case of only partial prior information from measurements of unknown
quantum sources. The construction of the optimal discrimination device and estimation of quantum states
produced by unknown sources is performed simultaneously. A communication through a noisy quantum channel
is formulated in terms of the proposed discrimination protocol.
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1. INTRODUCTION

Non-orthogonality of generic quantum states as a pure quantum mechanical phenomenon poses a fundamental
obstacle to discrimination between them. Impossibility of perfect distinguishing between non-orthogonal quan-
tum states limits the efficiency of many quantum information protocols, for example communication through
a noisy quantum channel. Historically, the first investigation of quantum discrimination was based on von
Neumann measurements.! It determined the error rate bound of discrimination between two pure states. The
general Bayesian approach to distinguishing between mixed states with non-equal prior probabilities based on
minimization of cost function and positive operator valued measurements (POVM) was developed by Holevo
and Helstrom.?3 In 1987 Ivanovic published a different model of two linear independent pure states discrimina-
tion without errors but with the occurrence of an inconclusive result.* Subsequently, the minimal probability
of the inconclusive result was shown by Dieks and Peres®% to be the overlap between the states being dis-
tinguished. Recently, discrimination techniques have been thoroughly studied, and analytical expressions for
optimal POVMs for many quantum discrimination problems have been derived.” > However analytical results
cannot be easily obtained for discrimination problems which incorporate many quantum states without a par-

¢.16-19, ?-19

ticular symmetry and numerical methods appear efficien Some discrimination devices have been

realized experimentally.20-23

So far distinguishability has been studied in the case of maximal information on the states to be distinguished.
In this classical approach it is assumed that the sources H; prepare physical systems, for example electron spins
or modes of light, in explicitly known quantum states p;. Discrimination consists in distinguishing between
these known states p; or equivalently sources H; (they are called hypotheses) having a physical system from
one randomly chosen source. The formal solution of this problem is based on the construction of the optimal
POVM that minimizes a convenient cost function, for example the error rate or negative information.>® The
goal of this paper is to develop a discrimination technique applicable to the case when only partial information
on hypotheses H; is available. Let us imagine that the quantum states p; prepared by the sources H; are not
explicitly known but we are allowed to probe each source before discrimination. We can ask what quantum
states are produced by these sources and what is the optimal POVM to distinguish between them. This scenario
realizes for example in communication through an unknown distorting quantum channel. The hypotheses are
explicitly known by transmitter party (Alice) but not by receiver party (Bob). In the calibration stage Alice
sends physical systems in the quantum states pfrom the sources H; in given order down the channel while Bob
receives sequence of distorted states p;. He acquires some information (prior data) on hypothesis H; through
a generic measurement of states p;. In communication stage, which follows, Alice sends a message with the
help of her alphabet H;. Transmission is successful if Bob is able to discriminate between hypothesis H; or
equivalently between quantum states p; with the help of prior data.



The article is organized as follows. The standard discrimination is summarized in section 2. Novel method
of prior data manipulation for simultaneous estimation of the unknown states and design of the optimal dis-
crimination POVM is proposed in section 3. Two examples are shown in section 4.

2. STANDARD APPROACH

Let us consider the following discrimination protocol. Alice chooses in secret a quantum state from the set
of two known quantum states |1), |2) and sends it to Bob who must decide which state was chosen using a
POVM measurement. For simplicity, but without the loss of generality, we will consider the same probability
for choosing |1) and |2). A natural measure of Bob’s failure is the error rate ER = (Ny2 + Na1)/2N, where N is
the number of trials, N5 is the number of Bob’s wrong decisions |1) when |2) was true and N»; is the number
of his wrong decisions |2) when |1) was true. Nonorthogonality of states implies the ultimate lower limit of the

error rate—the Helstrom bound,?
1
ER > 5(1—\/1—|<1|2)|2). )

The optimal POVM measurement ﬁl, ﬁ2 for the discrimination between two mixed states py, p2 is the one
that minimizes the error rate

1 ~ EN
subject to the constraint fh + ﬁ2 = /]f, or equivalently maximizes the functional
IE="Tr I:ﬁlﬁl] + Tr I:ﬁgﬁg] —Tr I:X(ﬁl + ﬁg)] 5 (3)

where ﬁl’g are now treated as independent variables. Variation of (3) subject to the positivity constraint on
the operators II; » gives the extremal equations for the optimal POVM elements and for the Lagrange operator

multiplier A, R N . PN ~ ~ ~
il = A, p2lly = A, plly + poIla = A 4)

For example, solving extremal equations (4) for two known pure states of qubit [¢1 o) = cosa |+2)Esina |—2)
or corresponding mixed states

~ cos? +dcosasina (5)
PL2 =\ tdcosasina sin? a ’
parametrized by « € [0,7/4] and d € [0, 1], yields the optimal POVM and ultimate error rate,
-~ 1 1 +£1 1 .
H172_§ (il 1 ) = |+ z){(*=z|, ER—i(l—dsm2a). (6)

3. DISCRIMINATION FROM PARTIAL INFORMATION

In the previous section we assumed that Bob knows the states p1 2 explicitly and thus he can use this maximal
prior information for designing the optimal discrimination POVM. However in real communication through an
unknown noisy channel Bob does not know these states perfectly. Therefore a calibration stage needs to be
performed first. In this stage Alice transmits a given number of physical systems in state p| from the known
source H; through communication channel and Bob applies a prior POVM measurement 7y to the unknown
received state p;. He obtains real noisy data fi; that approximate true probabilities pi1y = Tr[pi17k]. The
same calibration is done for source Hy. The prior information obtained by Bob during the calibration stage is
equivalent to the explicit knowledge of the states p1,2 only in the non-physical case of tomographically complete
POVM 7 and infinitely large number of transmitted states. The most simple and straightforward solution of
this modified discrimination problem is obvious. Bob can estimate the states pi, p» from the prior data fi,
far and then solve the equations (4) in order to obtain the optimal POVM II; 5. Unfortunately, succession of
these two steps does not represent the optimal strategy. If the data are not sufficient for accurate reconstruction



of the states the deviations can be propagated to discrimination step. Another important problem arises from
solution of the extremal equations derived from non-symmetrical mixed states obtained as a result of some
numerical state reconstruction technique.?*-28

Now we will formulate the modified discrimination protocol in the general case of I sources H;, i =1,..., I,
and will shown information-based solution of this problem. Let us start with I unknown mixed states p;
produced by the sources H; and propagated through a noisy channel. We observe these states in the calibration
stage by prior POVM 7%, k = 1,..., K, and obtain prior data fi, Y., fit = 1, that approximate the true
probabilities

pir, = Tr[pimx] - (7)
In the discrimination stage the states p; are examined in virtual sense by designed discrimination POVM ﬁj,
j=1,..., J. If we actually performed this measurement we would obtain frequencies F;;, ) j F;; =1, sampling
probabilities

Py =Tr [ﬁinj] . ®)

For simplicity, let us consider the same number of states p; and designed POVM elements ﬁj, I =J. In the case
of more POVM elements than discriminated states the proposed method would generalize the Ivanovic-Dieks—
Peres*% unambiguous discrimination or combination of both methods, not the pure Helstrom scheme. For
optimal POVM the sum of diagonal frequencies ), Fj; should be maximal and the error rate )", i Fij — > Fii
should be minimal. Thus the desired discrimination POVM should yield data F;; as close to Kronecker’s delta
d0;; as possible. This is schematically shown in Fig. 1.
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Figure 1. Scheme of the experimental setup used for prior measurement of quantum states in calibration stage and
design of the optimal discrimination POVM.

In the case of the finite number of states used for calibration the equalities f;; = p;r do not hold exactly.
Similarly the equalities F;; = P;; = d;; are not satisfied because the perfect discrimination between non-
orthogonal states is not possible. These equalities are satisfied only approximately and thus cannot be directly
used for the estimation of the states p; and design of the optimal POVM II;. Therefore equality between
data fir, Fj; and probabilities p;r, P;; must be handled in weaker — statistical — manner. We will construct a

A

functional IF(f;x, Fij, pir(Pi), Pij(pi,I1;)] that will serve as a measure of the distance between the data and the
probabilities. It should be maximal for states p; which produce prior probabilities p;;, close to prior data fir as
possible and simultaneously it should be maximal for and POVM II; which produces probabilities F;; as close
to the desired data Fj; = J;; as possible. There are many convex and additive measures of distance between
probability distributions. We will choose the one that provides the most simple extremal equations—the log



likelihood functional,
log IL[p;, I1;] = Z(sz’j In P;; +Zfik In pig. 9)
ij ik
Log likelihood as a measure of distance between quantum mechanical objects and real data arises from non-
normalized multinomial distribution

Lip;, ;] ~ [[ Pplf = HPM pht. (10)
ijk
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and has unique properties from the physical®® as well as mathematical®® point of view.

Variation of the log likelihood functional (9),
logIL[p; + Xi, II; + Y;] —logIL[p;, II;] =0, VX, Y;, (11)

that yields extremal equations for the states p; and the optimal POVM ﬁj must preserve trace normalization

of the states, Tr[p;] = 1, and completeness of the POVM, >, II; = T. This necessary constraints can be
incorporated with the help of undetermined Lagrange multipliers. The functional to be maximized becomes

¥ [p;, I1; Z Sijn Py + 3 falnpi — > i Tr[p] — TrA Y 015, (12)
ik i J

where p; and H are the independent variables. The estimated unknown states pf** and the designed optimal
discrimination POVM H‘;pt which maximize the functional (12) are solutions of the extremal equations

pRipiRi =i, A SILSA =15, (13)
where
= 1 = fik ~ & 1.
R; = —1II; + Tk, S; = —pj, 14
P Zk:pik ¢ TP .
N R o \3
pi = (Tr [RiﬁiRi]) ° A= (Z SjHij> : (15)

Notice that A is positive definite operator and p; are positive numbers. The set of nonlinear operator equations
(13-15) can be solved by means of repeated iterations,

( (n)) QR(")A(")R(R) /~(n+1) y
()= 1S(n)H(n)S(n)()\(n)) H§n+1)_ (16)

The convexity of the log likelihood functional guarantees that these equations have only one global maximum
ora plateau of global maxima. As initial iterations we can choose maximally mixed states and POVM elements
H(O) 1]1 Let us note that when the true states p; are mixed the estimated states p¢** are biased towards
pure states due to the simultaneous construction of the discrimination POVM H The reason is that, roughly
speaking, the rays are what is important for discrimination, and pure states can be discriminated easier than
mixed ones. In another words, the proposed method finds the discrimination POVM 1'[°pt optimal in the sense
of maximum likelihood, and 51mu1tane0usly reconstructs rays corresponding to the unknown states.



4. EXAMPLES

Here we illustrate our procedure on discrimination between two qubit states p1 2, such as two spin states of an
electron or two polarization states of a photon. We perform numerical simulations of the prior measurements
and we find subsequently the states 7% and determined the optimal POVM II{¥y via iterative solution of the
extremal equations (13-15). In our simulations we assume the class of states (5) and study the dependence of
the error rate (2) on angle a that controls the overlap between the two discriminated states p1,2. The error
rate (2) computed from the true states p1 2 and the optimal POVM ﬁ‘l’p; is used for evaluating the quality of

the designed POVM H‘fp; Thus the optimality of the discrimination POVM H‘fpzt obtained with the help of the
proposed method is quantlﬁed by the standard widely used measure of discrimination success.

In the first example we consider two symmetrical mixed states (5) with d = 0.9 on the Bob’s side of
the communication channel. The prior POVM 7, consists of projective measurements in x and y directions,
each made on N = 1000 physical systems in states p1,2. This represents the calibration stage. Observation
{7z, T—z, Ty, T_y} is tomographically incomplete and thus not sufficient for estimation of mixed states. Nev-
ertheless, this measurement yields some information on the states py» and, discrimination with the error rate
less than 50% is possible. The error rate (2), & (Tr[lI{*52] 4+ Tr[lI3**51]), of the optimal discrimination POVM
TIS% is shown in Fig. 2.

In the second example we discriminate between the pure state p; = |11)(¢1], d = 1, and the mixed state P2
(5) with d = 3/4, having prior data from the tomographically complete observation {wz, T—gy Ty, T—ys Ty Tz}
Each of these projective measurements in z, y and z directions are done with only N = 10 physical systems in
states p1 and py. The optimal POVM H‘ff’; can be found with the help of (16). The corresponding error rate
is shown in Fig. 3. In the case of an infinitely large number of physical systems used for prior measurement in

the calibration stage the prior data fzk attain the theoretical probabilities p;; and the error rate approaches the
bound (6), ER = 3(1 — 142 sin 2a) = £ (1 — % sin 2a), as is shown in Fig. 3 by solid line.

5. CONCLUSION

Simultaneous reconstruction of quantum states and design of optimal quantum discrimination POVM have been
presented. Observation on finite samples of physical systems in unknown quantum states in the calibration stage
provides the only prior information used for discrimination between these quantum states. The system of the
extremal equations (13-15) fully determines the unknown states and the optimal POVM for their discrimination.
These nonlinear operator equations can be solved by means of repeated iterations. This has been demonstrated
on particular examples and verified in many other cases. Typically several hundreds or thousands of iterations
are needed for 1076 accuracy. In the case of finite samples of physical systems used for the calibration the
Helstrom bound represents a lower limit of the achievable error rate. For tomographically complete prior
observation the error rate can come very close to this bound even if the prior measurements are carried out on a
small number of states. This means that in practice Alice and Bob need only a few transmitted quantum states
for establishing nearly optimal discrimination device. The calibration stage thus can be very short and almost
all the states reserved for communication can be used up for transmission of useful data from Alice to Bob. Of
course the ratio of the transmitted calibration states to the states used for communication can be adjusted in
order to achieve either transmission with maximal speed for the given error rate or transmission with minimal
error rate for the given speed. These and others optimization problems can be formulated as a modifications of
the presented quantum discrimination protocol.
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Figure 2. Error rate of the optimal discrimination between two symmetrical mixed states using partial prior information
from the tomographically incomplete measurement (dashed), see text. Prior data f fluctuate around their theoretical
values p with standard deviation y/p(1 — p)/V N, N = 1000. Error rate is limited by Helstrom bound (solid).
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Figure 3. The error rate of the optimal discrimination between the pure and the mixed state using the partial prior
information from the tomographically complete measurement (dashed), see text. Prior data f fluctuate around their
theoretical values p with standard deviation /p(1 — p)/vV N, N = 10. Error rate is limited by Helstrom bound (solid).



—_

N OU W

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

REFERENCES

. J. von Neumann, Mathematical Foundations of Quantum Mechanics, Princeton Univ. Press, Princeton,
1955.

A. S. Holevo, “Statistical decision theory for quantum systems,” J. Multivar. Anal. 3, p. 337, 1973.

C. W. Helstrom, Quantum Detection and Estimation Theory, Academic Press, New York, 1976.

I. D. Ivanovic, “How to differentiate between non-orthogonal states,” Phys. Lett. A 123, p. 257, 1987.

D. Dieks, “Overlap and distinguishability of quantum states,” Phys. Lett. A 126, p. 303, 1988.

A. Peres, “How to differentiate between non-orthogonal states,” Phys. Lett. A 128, p. 19, 1988.

G. Jaeger and A. Shimony, “Optimal distinction between two non-orthogonal quantum states,” Phys. Lett.
A 197, p. 83, 1995.

A. Chefles and S. M. Barnett, “Strategies for discrimination between non-orthogonal quantum states,” J.
Mod. Opt. 45, p. 1295, 1998.

M. Sasaki, K. Kato, M. Izutsu, and O. Hirota, “Quantum channels showing superadditivity in classical
capacity,” Phys. Rev. A 58, p. 146, 1998.

A. Chefles, “Unambiguous discrimination between linearly independent quantum states,” Phys. Lett. A
239, p. 339, 1998.

A. Chefles and S. M. Barnett, “Optimum unambiguous discrimination between linearly independent sym-
metric states,” Phys. Lett. A 250, p. 223, 1998.

L. S. Phillips, S. M. Barnett, and D. T. Pegg, “Optimal measurements as projection synthesis,” Phys. Rev.
A 58, p. 3259, 1998.

S. M. Barnett, “Minimum-error discrimination between multiply symmetric states,” Phys. Rev. A 64,
p- 030303(R), 2001.

J. Walgate, A. J. Short, L. Hardy, and V. Vedral, “Local distinguishability of multipartite orthogonal
quantum states,” Phys. Rev. Lett. 85, p. 4972, 2000.

S. Virmani, M. F. Sacchi, M. B. Plenio, and D. Markham, “Optimal local discrimination of two multipartite
pure states,” Phys. Lett. A 288, p. 62, 2001.

C. W. Helstrom, “Bayes-cost reduction algorithm in quantum hypothesis testing,” IEEE Trans. Inform.
Theory IT-28, p. 359, 1982.

Y. C. Eldar and J. G. D. Forney, “On quantum detection and the square-root measurement,” IEEE Trans.
Inform. Theory 47, p. 858, 2001.

M. Jezek, J. Rehacek, and J. Fiurdsek, “Finding optimal strategies for minimum-error quantum-state
discrimination,” Phys. Rev. A 65, p. 060301(R), 2002.

Y. C. Eldar, A. Megretski, and G. C. Verghese, “Designing optimal quantum detectors via semidefinite
programming,” IEEE Trans. Inform. Theory , 2002. arXiv:quant-ph/0205178.

B. Huttner, A. Muller, J. D. Gautier, H. Zbinden, and N. Gisin, “Unambiguous quantum measurement of
nonorthogonal states,” Phys. Rev. A 54, p. 3783, 1996.

S. M. Barnett and E. Riis, “Experimental demonstration of polarization discrimination at the Helstrom
bound,” J. Mod. Opt. 44, p. 1061, 1997.

R. B. M. Clarke, A. Chefles, S. M. Barnett, and E. Riis, “Experimental demonstration of optimal unam-
biguous state discrimination,” Phys. Rev. A 63, p. 040305(R), 2001.

R. B. M. Clarke, V. M. Kendon, A. Chefles, S. M. Barnett, E. Riis, and M. Sasaki, “Experimental realization
of optimal detection strategies for overcomplete states,” Phys. Rev. A 64, p. 012303, 2001.

K. Vogel and H. Risken, “Determination of quasiprobability distribution in terms of probability distribution
for the rotated quadrature phase,” Phys. Rev. A 40, p. 2847, 1989.

U. Leonhardt, Measuring the Quantum State of Light, Cambridge University Press, 1997.

Z. Hradil, “Quantum-state estimation,” Phys. Rev. A 55, p. R1561, 1997.

K. Banaszek, G. M. D’Ariano, M. G. A. Paris, and M. F. Sacchi, “Maximum-likelihood estimation
of the density matrix,” Phys. Rev. A 61, p. 10304(R), 2000.

J. Rehécek, Z. Hradil, and M. Jezek, “Iterative algorithm for reconstruction of entangled states,” Phys.
Rev. A 63, p. 040303(R), 2001.



29. Z. Hradil and J. Summhammer, “Quantum theory of incompatible observations,” J. Phys. A: Math. Gen.
33, p- 7607, 2000.
30. C. R. Rao, Linear Statistical Inference and Its Applications, John Wiley, New York, 2nd ed. 1973.



