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Quantum inference of states and processes

Miroslav Jeek* Jaromr Fiurasek, and Zdenke Hradil
Department of Optics, Palackyniversity, 17. listopadu 50, 77200 Olomouc, Czech Republic
(Received 24 October 2002; published 9 July 2003

The maximume-likelihood principle unifies inference of quantum states and processes from experimental
noisy data. Particularly, a generic quantum process may be estimated simultaneously with unknown quantum
probe states, provided that measurements on probe and transformed probe states are available. Drawbacks of
various approximate treatments are also considered.
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[. INTRODUCTION tion can be again incorporated within the maximum-
likelihood approach as the appropriate constraif@8§].

The various quantum-state reconstruction techniques désompared with other reconstruction methods, the maximum-
veloped during recent years have made it possible to conlikelihood approach seems to be computationally more diffi-
p|ete|y reconstruct an unknown state of a quantum.CU't. Therefore, several Simplifications and approximations
mechanical system, provided that many identical copies off the maximum-likelihood technique have been suggested
the state are available. These reconstruction methods afecently[39,40.
nowadays routinely applied to the evaluation of the experi- In this paper we present a unified approach to the
ments where quantum states are genera’[ed, manipu|ated, armximum-likelihood reconstruction of quantum states and
transmitted. The field was pioneered in the beginning ofjuantum processes. Extremal equations for the reconstructed
nineties in quantum optics, where the optical homodyne toguantum state and for the quantum process are derived in
mography has been devised for reconstruction of the quarec. Il. These equations can easily be solved numerically by
tum state of traveling light field1-5]. Since then, many Mmeans of repeated iterations. Particular attention will be paid
other reconstruction methods, applicable to various physicdP the probing of the quantum process by entangled states
systems, have been developgé18. The inference of Which attracted considerable attention recently. In Sec. Il we
quantum states plays very important role in the present-dagonsider a realistic scenario where an unknown quantum
experiment§19—27. transformation is probed by unknown states and the mea-

Most of the reconstruction methods, such as the direcurements are performed on both the input and output states.
sampling in optical homodyne tomography, are based on ¥Ve propose a method for simultaneous estimation of the un-
direct linear inversion of the experimental data. This ap-known probe states and the quantum process from the col-
proach is conceptually simple and feasible. However, it mayected experimental data. The comparison of the exact
lead to certain unphysical artifacts such as the negative emaximum-likelihood method with the approximate ones is
genvalues of the reconstructed density matrix. In order t&arried out in Sec. IV. Finally, the conclusions are given in
avoid these unphysical artifacts, an estimation method, basegec. V.
on statistical maximum-likelihood principle, has been de-
vised for the reconstruction of a generic quantum gtage- Il. RECONSTRUCTION OF QUANTUM PROCESS
28]. This approach guarantees the positive semidefiniteness ) ) , ,
and trace normalization of the reconstructed density matrix, L€t US start with a brief review of the maximum-
These necessary conditions are incorporated as constrainf&€lihood reconstruction of a quantum state. We assume a
i.e., as a certain prior information from the statistical point of 'Nit€ numberN of identical samples of the physical system,
view. Remarkably, the maximum likelihood estimation can€ach in the same but unknown quantum state described by
be interpreted as a genuine generalized quantum measuf@® density operatop. Having these systems, our task is to
ment[24,26) and can be related to the information gained by/nfer the unknown quantum stafe from the results of the
optimal measurement and the Fisher informafia. measurements performed on them. We consu_jer the positive

Given the current interest in the quantum-informationOPerator-valued measut@OVM) [41] II, that yields prob-
processing, it is of paramount importance to reconstruct nagPilities p; of individual outcomes,
only the quantum states but also the transformations of these
states—the quantum-_me_chanical processes. The examination p=TripIl,], p;=0, z p=1. 1)
of quantum communication channels and the evaluation of [
the performance of quantum gates are examples of practical
applicability of quantum-process reconstructi@@—37. All If the POVM I, is tomographically complete, it is possible
necessary properties of the deterministic quantum transfoto determine the true stagedirectly by inverting the linear
mations, namely, the complete positivity and trace preservarelations (1) between probabilitiep, and the elements of

density matrixp. However, there is no way to find out the
exact probabilitiep, since only a finite numbe of samples
*Electronic address: jezek@optics.upol.cz of physical systems can be investigated. In the cash,of
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occurrences of outcomd$, , the relative detection frequen- ~ While density operator describes the state of physical sys-
ciesf;=N,/N represent the only data that could be used fortem, the linear completely positivéeCP) map describes the
reconstructing the true stage The maximum-likelihood ap- generic transformation of physical system from guantum
proach to this reconstruction problem consists in finding astatep;, to quantum state,. The mathematical formula-
density operatop.; that generates, through E€fL), prob- tion of CP maps relies on the isomorphism between linear CP
abilities p, that are as close to the observed frequeni@s  mapsMgfrom operators on the Hilbert spag¢éto operators
possible[23,28, on the Hilbert spac& and positive semidefinite operatdss
on Hilbert spaceH® K [45-41,

pest=arg max[f,,pi(p)], 2 i
P Pour= Md pin]= Tru[ Spin® 1], (8
wherely is an identity operator on the spageand T de-
LI pip) = Z fiinp;. (3 nhotes the transposition in some fixed basis. The deterministic

quantum transformations preserve the trace of the trans-

The measure[ f,,p(p)] of the distance between the prob- formed operators, Tf pou] =Try [ pin]. Since this must hold
ability distributionp, and the detected relative frequencfes for any pin, operatorS must satisfy the condition

seems to be arbitrary. However, it can be shown that the
reconstruction procedure can be interpreted as a generalized Tril SI= 1y, ©
POVM measurement if the log-likelihood measui® is
used[24,26. The maximum-likelihood principle has been ; LI :
successfully applied to many problems of quantum_effectlvely represents (difi)< real constraints.

information processing, for example, to reconstruction of thema'\;i?r!(:ﬂg-llijlfeeliﬁggczjrmﬁ::i?(lsg }"c/)? rens?%nfgtrgju?;e r;hgjﬁxgd
spin state of an electron or polarization state of a photorn . ; princip

[25], reconstruction of entangled spin st§&s8], estimation part_lcularly simple and transparent form_, anq we can also
of duantum measuremef2], design of the7optimal dis- straightforwardly extend the results obtained in R88] to

crimination device for communication through a noisy quan—the cases when the input and output Hilbert spaces have dif-

tum channe[43], and characterization of the universal clon- ferizi dlm?jr;lgtnes'the various input states from spd
ing machine[44]. Pm b paee

; Lo hich are used for the determination of the quantum process.
The challenging problem of maximizatid®) of the log- W ; .
likelihood functional(3) on the space of positive semidefi- Measurements described by POVMs, are carried out on

. _ . each corresponding output state from sp#celet f,, de-
nite operatorp, T p]=1, has been treated with the help of X . m
the numerical uphill simplex methd@7]. A more analytical note the relative frequency of detection of the POVM ele-

approach to the problem involves a formulation of nonlinealmentnm" The estimated operatc3 should maximize the

extremal operator equation for the density matrix that maxi_constralned log-likelinood function88,4q

mizes the log-likelihood functiondR3,24,2§,

wherel,, is an identity operator on spadé. Condition (9)

ﬁc[fm|,pm.<8)]=;fm.lnpm—Tr[ASJ, (10

f
p=un""Rp, R=E| p—'IHh (4)
Pri= T Spp® i), (11)

where the Lagrange multipliqu reads whereA =\® 1 andX is the matrix of Lagrange multipliers

that account for the trace-preservation conditi®n The ex-

n=TrRp]= 2 fi=1. (5) tremal equations fo§ can be obtained by varying functional
' (10) with respect taS,

The crucial advantage of Ed@4) is that it is suitable for L fmi Pmi(S+ 61— Ld frmt Pri(S)1=0,
iterative solution, as has been demonstrated on many particu-

lar reconstruction problems. A combination of Eg) and fiol
hermitian conjugate equation leads to the symmetric ex- Tr (E —pL@Hm|—A)58}=O, (12
tremal equations in the manifestly positive semidefinite form m1 Pmi
42 .
[42] for all §S, which leads to
p=p ?RpR, u=(T{RpR]2 (6)
-1 fml T

o S=A"KS, K= —plell,,. (13)

The iterations m| Pmi
p(M D= (W=2RM (MR (7)  Further, we have from Eq13) that S=SKA 1. When we

insert this expression in the right-hand side of the first for-
preserve the positive semidefiniteness and trace normalizaula in Eq.(13), we finally arrive at symmetrical expression
tion of the density operatqs. suitable for iterations,
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S=A 1KSKA L. (14)

Pms Pm —> S — Pm,out
The Lagrange multiplieh must be determined from con- 1
straint(9). On tracing Eq(14) over spaceC we obtain qua-

dratic equation foi, which may be solved as @ @
pmkl
fmk

A= (Tr [ KSK])¥2 (15) Pmll

The operator\ is positive definite becaud€SK is positive- P
ml

definite operator. The system of coupled E@sl) and (15
may be conveniently solved numerically by means of re- gG. 1. Scheme of setup for the generalized measurement of
peated iterations, starting from some unbiased CP map, fquantum process using unknown quantum states as probes.
example,S9=1,,,,/(dimK). It is important to note that
Eq. (14) preserves the positive semidefinitenesSahd also  rately in the preceding section. Let us assume the estimation
constraint Tg[ S]=1,, is satisfied at each iteration step. of the generic process with the help of a set of probe states,
The density matriSrepresenting the CP mapts can be,  identity of which is also unknown. What is only known to
in fact, prepared physically in the laboratory if we first pre- the experimentalists is the output of certain measurements
pare a maximally entangled state on the Hilbert space performed on the ensemble of probe states and on the en-
®H and then apply a CP map to one part of this entangledemble of transformed probe states. In this sense all the con-
state. In this way the quantum-process tomography can bsiderations are donab initio, since only results of generic
transformed to the quantum-state tomography. More genemeasurements are required. A quantum object could be con-
ally, this suggests that it may be useful to employ entangledidered as known only to the extent specified by some pre-
quantum states as probes of an unknown quantum proceggding measurements. All the physically relevant results will
[37]. be derived exclusively from the acquired data, where input
Let pm g denote the entangled state on the Hilbert spacgtates and their transformation are inseparably involved.
Ha®Hg that serves as a probe of the CP nf@ghat is  States and their transformations should be considered as
applied to subsyster. A joint generalized measurement quantum objects. As such they are affected by quantum fluc-
described by the POVM$I,,,, is performed on the output tuations, since in every experiment a certain portion of the
Hilbert spaceX®Hg. The log-likelihood functional has noise will be present on the microscopic level.

form (10); only the formula for probabilityp,, changes to In the following, the probe quantum statps, will be
T treated as unknown mixed states and they will be inferred
Pt = T, k[ (S® Ly ) (P ap® Lic) (L, @ ) 1, together with the unknown quantum proc&s#n accordance

(16)  with the theory presented above, let us consider the set of
i o probe statep,, on space. By means of unknown quantum
whereT , stands for the partial transposition in subsys®m  rocessS these states are transformed onto output states
Consequently, operatd, appearing in the extremal Egs. pm.out in SpacekC. The observation must be more complex
(14) and (15) must be calculated as follows, now, involving the detection on the ensemble of both the
f input and the output states. For this purpose, the correspond-
KZE —m'TrH [(pTA ®1) (1 @) 1. (17) ing POVM elements will be denoted by, andIl,, . The
mi Pm BT MAB A diagram involving detected signals and measurements is
o shown in Fig. 1. Letf,,, denote the relative frequency of
Apart from these modifications gf,,; andK, one can pro-  yatection of the POVM element,, in the input space-
ceed as before and solve Eq34) and (15 by means of ,hqF  denotes the relative frequency of detection of the
repeated iterations. POVM elementl],,, in the output spac&. Frequencie$
Crfm=1) andF,, (2/F,=1) approximate the true prob-
ll. QUANTUM-PROCESS MEASUREMENT BY abilities p,, and P, of individual outcomes, respectively,
UNKNOWN PROBE QUANTUM STATES

Up to now quantum states and processes have been Pmk= Trl P mid
treated independently. However, this is just a simplification .
typical of the realm of physical experiments. Widely ac- Pmni=Trl pm,oud Imi ] =T S(pm® Iy 1, (18

cepted strategy as to how to approach a complex problem is

to specify some partial subproblems, address them sepavhere relation(8) was used. The estimated processind
rately, and merge the solutions. This technique usually giveprobe statesp,, should maximize the constrained log-
good answer in the technical sense. Though this is possibléelihood functional

even in quantum theory, there are no fundamental reasons for

such a factorization. To consider the full problem without

splitting it into isolated subproblems is technically more ad- ﬁc:% fmic In pmk+% Fmi In Pml_% ML pm]
vanced but could be advantageous. This strategy will be ’ '

demonstrated on the synthesis of the problems treated sepa- —Tr[AS]. (19
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The additivity of log likelihood reflects the independence of 0TFg, "~ v 1 . 1 1 T T T 119
observations performed on the input and output states with 0.6 F i
the same degree of credibility. The Lagrange multipliefs 05 L i
and A=A®l fix necessary constraints—the trace normal- 04l . i
ization of the states, Tp,,]=1, and the trace-preserving ‘
property(9) of processS, o 0.3 - E ¥ 1
The coupled extremal equations for the probe statgs 0.2 - - -
and for proces$ can be obtained by varying E¢L9) with 01 L ¥ " i i
respect to independent variablgg and S, which yields ol U ‘ i
Hin RenpRm= i (20 01 F | ]
-0.2 C 1 1 I_. | | 1 | | 1 1 I'_‘ 1 =
ATIKSKAT1=S, (21) 1 2 3 45 6 7 8 9 1011 12
where "
FIG. 2. Elements of the reconstructed quantum pro¢sstd)
ik Fmi are compared with the theoretical on@mshed for the rotating-
Rim= % mﬂ'mk+ Tric| T3S JH@EI P_m|Hm| ' damping channel and 20 various probe states.
(22)
and after transformation. Therefore, the total numbtN6
K—E Fmi 1 m 23 of the probe states have been used up. Theoretical probabili-
T & P_,mpm® mi> 23 ties Pmk @and P,,,; have been evaluated according to Eip).

They represent mean values of the multinomial distributions
andT,, is operator of partial transposition in spakie acting ~ of the relative frequenciek, andF,,. Corresponding vari-
on space{® K. The Lagrange multipliers can be determinedances are approximately given by,(1—pmd/N and

from the appropriate constraints Pmi(1—P,)/N, respectively. The datd,, and F,, have
been obtained by means of Monte Carlo simulation. Subse-
pm=(Tr RmpmRm]) M2, (24 quently, we have iteratively solved extremal equatit2@—
(25). Result of this procedure is shown in Fig. 2. Only 12
\=(Tr[KSK])¥2 (25 real independent elements of estimated process are plotted in

form of vector{S,}32, . The estimated values are well cor-
responding to the true ones. For the given fixed process and
the POVM measurement we have repeated 10000 times a
simulation of the measurement and reconstruction of the pro-
cess. Standard deviations of elements of the estimated pro-
cess have been evaluated over the acquired ensemble and
shown in Fig. 2 as appropriate error bars.

All necessary properties of the quantum statgsand the
guantum procesS are satisfied during the iterative solution
of the extremal equation®0)—(25).

In the rest of this section we illustrate the developed
method on the estimation of a quantum proc8s$isat trans-
forms one qubit state to another one, diferdimC=2. The

procgs§under consideration consists of a unitargd rota- The simultaneous reconstruction discussed above yields a
tion in xz plane of the Bloch space and a subsequent nong;

unitary damping. The unitary part of the process can be rep gher likelihood of estimated quantum objects than separate

ted by it i h | sta@sand |1 reconstructions of probe states and a quantum process. This
resented by its action on orthogonal stg@sand|1) as seems to be a general rule. The likelihabg,, obtained by

|0Y— cos]0) +sin 6] 1) simultaneous reconstructigi20)—(25) of the quantum pro-
' cessS and the probe statgs, is always higher than the sum
|1)—cos6|1) —sin 6|0) (26)  LseqOf likelihoods £, ~obtained by the separate reconstruc-

tions (6) of the probe stategp, from dataf,,, F., and
where 6= /8. The nonunitary part of the process is de-likelihood Lg of the estimated quantum proce3£14)—(15),
scribed by operatod D+ (1—d)E, where we chosed where the reconstructed probe states are utilized. Ratio
=1/2. Proces® =154 /2 is the totally depolarizing channel Lg,/Ls., averaged over an ensemble of possible experi-
that maps all states to the maximally mixed state Bisithe  mental data, is plotted in Fig. 3 for several numbers of probe
identity transformation. We have performed numerical simustates and various numbel$ of measurements. The true
lations of = and II,,; measurements foM=20 input processS and the POVM measurements,, Il are the
probe statesp,, and the corresponding transformed statessame as in the previous example. A few percent improve-
Pm,our T€SPECtively. The mixed statpg, have been randomly ment can be obtained by using the proposed simultaneous
generated. We consider a convenient experimental realizatiarconstruction method. For a small numtérof measure-
where the same measurements are performed on all input agents, so in the case of noisy data, the improvement be-
well as output states. In the present example, this POVMomes more obvious. The quantitative difference between
measurement consists of tomographically complete set ofimultaneous and sequential reconstruction procedures
projective measurements ¥y, andz directions, each made changes to qualitative one for a tomographically incomplete
on N=1000 identical samples of the probe staigs before = POVM measurement in the input or output space. Data ac-
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FIG. 3. The average ratio of the likelinood attained by simulta- FIG. 4. Variance o (diamond of the exact maximum-
neous reconstruction of a quantum process and probe states and {f€lihood reconstruction of a unitary quantum process and variance
likelihood attained by sequential one. The process is probed by 154 (Plus) of the approximate one for various numbétsof mea-
(diamond, 30 (plus), and 45(squaré quantum states. The ratio Surements.

increases with the decreasing numbéof measurements or with ) _ ) )
increasing number of probe states. [48—5q Unlike this, the approximate reconstruction of

guantum processes proposed in Ré4€] uses the exact like-
quired by such a measurement could be insufficient for théihood functional(10), however, it decreases the number of
sequential reconstructions, however, they can be sufficiertonstraints incorporated by the Lagrange multipliers. The
for the simultaneous one. For example, projective measurgdim?{)? necessary conditions that guarantee the correct
ments inx andy directions in the input space and projective normalization of the estimated process are replaced by a
measurements iy and z directions in the output space rep- single condition, TrS]=dim . This is equivalent to assum-
resent this case. Thus, the presented simultaneous recdng that the Lagrange multipliex is proportional to identity
struction technique is applicable to the problems where roueperator.

tine sequential methods fail. In order to compare explicitly the exact maximum-
likelihood estimation of quantum procels38] with approxi-
IV. APPROXIMATE METHODS mate method presented in Ref40,44), we have carried out

extensive numerical simulations. Quantitative comparison of

Recently, approximate reconstruction methods based ofhe two approaches was based on the variances of estimates
the maximum likelihood have been presented. Two ways caR_ (exac) and S, (approximatg

be followed to modify the exact maximum-likelihood

principle—either simplification of the distance meas(@g Ué:<Tr[(SE_Slrue)2]>enSi
[39] or releasing some constraints on quantum states and
processe40]. 75 =(Tr(Sa= Swud*Dens (29

For a large numbeN of identical samples of quantum

states available for inspection the relative frequentjidisic-  where( . . . )., denotes averaging over an ensemble of all

tuate around the true valugs according to the multidimen- possible experimental data aBg|,. denotes the true CP map.

sional Gaussian distribution that approximates the exact muFor a given fixed CP map, input states, and output measure-

tinomial one, ments, we have repeated 1000 times a simulation of the mea-
surements and reconstruction of CP m&sand S, . Sub-
sequently, we have calculated varian¢@9) as statistical

' averages over the acquired ensemble. We have found that the
exact maximume-likelihood estimation vyields, in all cases,

ai~=pi(1=p)/N. (27) ~ Much lower variance than approximate approach. This is a

direct consequence of the fact that the exact treatment takes

Accordingly, the exact likelihood function&B) can be re- into account all constraints imposed by quantum-mechanical

2

f—
H plf'al_I[ exp{——( l F;I)

| 20'|

placed by the approximate oh&9], laws on the estimated operatarA typical example is shown
) in Fig. 4. In this case, the quantum process is a unitary trans-
E £ B 2 (fi—p1) 28 formation(26) of a single qubit. Six different input states are
= npi— T 20|2 ' (28) considered—eigenstates of three Pauli matriegso, , and

o,. 3N copies of each input state are used. On each corre-
The reconstruction based on this functional loses the essenégonding output state, a spin projection along axes and
of the generalized measurement, nevertheless, it preserves als measuredN times. As can be seen in Fig. 4, the variance
physical properties of estimated quantum states. The Gauser?E is approximately twice smaller than variamté. In fact,
ian limit of the likelihood method has been recently appliedfor CP maps which do not represent unitary transformations,
to the reconstruction of polarization-entangled states of lighsuch as damping channels, the difference may be even stron-
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0.6 . . . T . . the processes imposed by quantum mechanics. This method
* is very versatile and can handle data from many different
05 . l experimental configurations such as the probing of quantum
04 L e 4 processes with entangled states or a simultaneous reconstruc-
BN M tion of an unknown process and unknown states that are used
e 03 “*\\ . to probe this process. The extremal equati@)s(14), (15),
5 TR and (20)—(25) for the most likely quantum state and process
0.2 1 *‘“*“'*»*._# i can be very efficiently solved numerically by means of re-
01 b ] peated iterations. The exact maximum likelihood estimation
\\“Q—H—?_W of quantum objects has been compared with the approximate
0 1 | 1 [

methods. The approximate ones yield estimates whose vari-
50 100 150 200 250 300 ance is typically substantially larger than in the case of the

N exact approach. This comparison clearly illustrates the im-
portance of keeping all the constraints imposed by quantum
theory. Loosely speaking, there is always a choice—either to
acquire less portion of the data and then to adopt more so-
phisticated algorithm for its evaluation or vice versa. The
efficient and precise reconstruction technique discussed in
the present paper can find applications in design and evalu-
ation of quantum-information devices and contemporary
quantum experiments with photons as well as with electrons,
neutrons, and other objects.

FIG. 5. Variance oé (diamond of the exact maximum-
likelihood reconstruction of a rotating-damping channel and vari-
anceaf\ (plus) of the approximate one for various numbétsof
measurements.

ger. The variancesé andai in the case of rotating-damping
channel withd=3/4 are shown in Fig. 5.

V. CONCLUSIONS
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