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Relativistic Archimedes law for fast moving bodies and the general-relativistic resolution
of the “submarine paradox”
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We investigate and solve in the context of general relativity the apparent paradox which appears when bodies
floating in a background fluid are set in relativistic motion. Suppose some macroscopic body, say, a submarine
designed to lie just in equilibrium when it redt®tally) immersed in a certain background fluid. The puzzle
arises when different observers are asked to describe what is expected to happen when the submarine is given
some high velocity parallel to the direction of the fluid surface. On the one hand, according to observers at rest
with the fluid, the submarine would contract and, thus, sink as a consequence of the density increase. On the
other hand, mariners at rest with the submarine using an analogous reasoning for the fluid elements would
reach the opposite conclusion. The general relativistic extension of the Archimedes law for moving bodies
shows that the submarine sinks. As an extra bonus, this problem suggests a new gedankenexperiment for the
generalized second law of thermodynamics.
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Suppose a submarine designed to lie just in equilibriunliquid volume elements can be approximated by
when it rests(totally) immersed in a certain background (M/r?)/\1—2M/r and, thus,increases with depthThis
fluid. The puzzle appears when different observers are askgshysical feature will be kept as we model the gravitational
to describe what is expected to happen when the submarirfeld on the fluid in which the submarine is immersed, but
is given some high velocity parallel to the direction of the rather than locating it in the spacetime described by(Ej.
fluid surface. On the one hand, according to observers at regte will look for a background with planar symmetry. This is
with the fluid, the submarine would contract and sink as anecessary in order to avoid the appearance of centrifugal
consequence of the density increase. On the other handffects which are not part of the submarine paradave will
mariners at rest with the submarine using an analogous regeme back to this point at the end in connection with the
soning for the fluid elements would reach the opposite conGSL.,) This is accomplished by the Rindler spacetime
clusion. To the best of our knowledge, the first one to discuss
this apparent paradox was Suppld¢ Because his analysis ds?=e?Z(—dT?+dZ?) +dx?>+dy?, 2
was performed in the context of special relativity, assump-
tions about how the Newtonian gravitational field would where a«=const>0. The liquid layer will be set atZ
transform in different reference frames were unavoidable. Ine (Z_,0], where Z_<0 and we will assume thaZ |
order to set the resolution of this puzzle on more solid bases> 1/« in which case the total proper depth as defined by
a general-relativistic analysis is required. Rather than beingtatic observers will be approximatelyal/ The proper ac-
just an academicand perhaps intriguingexercise, we will  celeration of the liquid volume elements at some point
argue at the end that this problem also suggests a negr,z x,y) is a(|)=ae‘“z and, thus, indeed increases as one
gedankenexperiment for the generalized second law of themoves to the bottom.
modynamics(GSL). We will adopt hereafter natural units:  Let us assume the submarine to have rectangular shape

c=h=G=k=1, and spacetime metric signature (+,+,  and to lie initially at rest in the regiox>0 at[Z, ,Z+]

+). X[ X, X4]1X[y1,Y2]. For the sake of simplicity, we will as-
Let us begin writing the line element of the most generalsume the submarine to be thin with respect to the depth 1/

spherically symmetric static spacetime as i.e.e??T —e*?1<1. This is not only physically desirable as a

5 T SR way to minimize turbulence and shear effects, but also tech-
ds’= —f(r)dt?+g(r)dr*+r%(d¢?+sin6’d¢?), (1) nically convenient as will be seen further. &0 it begins
) ) ) to move along thex axis towards increasingvalues in such
where f(r) andg(r) are determined by the Einstein equa- 5 \yay that eventually its points acquire uniform motion char-
tions GW_= 87TTW_. We will consider the base planet where geterized by the 3-velocity,=dx/d T=const-0. However,
the experiment will take place as composed of two layers: af,, order to keep the submarine uncorrupted, the whole pro-
interior solid core with total mas# andre[0OR_] (R- cess must be conducted with caution. First of all, we will
>2M) and an exterior liquid shell with e (R_,R.]. The impose that the 4-velocity(y, of the submarine points sat-

gravitational field on the liquid shell will be assumed to beisfy the no-expansion conditior®=Y,uft;=0. This can be

mostly ruled by the solid core, as verified, e.g., on Earth. | . LB
this case, the proper acceleration experienced by the Star&rg\plemented by the following choice:

L XtHo(x gk
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where y*=(1,0,0,0) and{#=(0,0,1,0) are timelike and
spacelike Killing fields, respectively, and

q 0 for T/x<O,
v(x%)= d_')l(': e?TIx for O<T/xsvye 2%, @)
Vo for T/x>vee 2%%.

—

Hence, a generic submarine point will have a timelike trajec-
tory in the regionx>0, given by Z=Zy=const, y=Yy,
=const and
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Xo for T<O,
X(T)= VX§+e?@%oT? for O<T<Ty,
XoV1—v2e 2%+ T for T>T,,
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where T ,=Xqu e 2%%0/ \J1—vZe~2%% defines the moment
after which each submarine point acquires uniform motion
with constant 3-velocity, (0<uv,<e*%v).

It should be noticed that the no-expansion requirement is
a necessary but not sufficient condition to guarantee that th
submarine satisfies the rigid body condition

FIG. 1. The time evolution of §=const section is plottetls-

iﬁg a=1). At T=0, the submarine is at rest and all the observers
agree about its rectangular shape. As its velocity increases, how-
ever, the submarine contracts as a functiorzadccording to the
observers at rest with the flu[dnore on the top than at the bottom

i.e. that theproper distance among the submarine points are(see slicesT =const>0)], although mariners aboard in will detect

. . no relevant change in shape.
kept immutable, whera(g=u,V,u(g). This can be seen by g P
recasting Eq(6) in the form

veug +albui =0, (6)

one obtainsufyV,|eq =N\ e(|. Hence, the distortion rate

0,,+(03)P,,=0, (7) of a sphere inside the submarine along the principal ag,es
is given by the corresponding eigenvalulgs . In our case,
whereP,,,=g,,+u®u® is the projector operator and no distortion is verified along the axis (see\ ;) andwf;,)
B (N pa and the distortion which appears in the transition region as-
0= (Val() Py = (013)Py, sociated with theZ axis can be minimized by making
IN(2)/(3) small enough. By using Eq5) (at T=T,;), one

is the shear tensor. If the submarine were infinitely thin
(Z,=2Z+), theno,, would vanish in addition t® and the
rigid body equatiorn(7) would be precisely verified. But this
is not so because the fact that#Z induces shear as the
submarine isn the transition region0<T<T,,.

In order to figure out how this can be minimized, we must
first calculate the eigenvalues;, (i=1,2,3 and the corre-
sponding(mutually orthogonal spacelike eigenvectons(;,
(which also satisfywf,u?)=0) associated with the equation
T Wi =AW -

obtains
|)\(2)| = |)\(3)|$a(|)voe_azil(1_vge—ZaZi).

Thus one can minimize shear effects in the submarine either

(i) by making the final velocity to be moderatey(<e®?:),

(i) by setting it in a small-acceleration regiin comparison

to the inverse of the submarin&-proper size: a,

<al(e**T—e%1)], or, as considered heréiji) by design-

ing the submarine thin enougle®®™ —e*4:<1).

No=0. ) — /=2 After the transition region, all the submarine points will
@M= 2E) ’ follow isometry curves associated with the timelike Killing

field n*=x*+vol*. Iti heck i
Wy =(0,0,0.0, Whhye)= (02, +/~ Ja%.02.,0), ield n*=x*+vol*. Itis easy to check by using

where afy=(V*n)n=(00e *“/(1-vge >*%),0,0, (8
o?=0""0,,I12=ag x*(X2—x5)IXg, where 7=|7*|=e**(1—v3e 2%)¥2 that the rigid body
equation is fully verified in this stationary regioh>T,,. It
oY= e X (x?—x3)Ix3, 02 = ax?(x*—x3) VxS is interesting to notice that although mariners aboard will not

perceive any significant change in the submarine’s form, ob-
and we recall thaa,= ae™ **. Then, by locally choosing a servers at rest with the fluid will witness a relevant contrac-
3-vector basise(j =w(j, and assuming thag(; is orthogo- tion in the x-axis direction as a function & (andv); in-
nally transported alongy,, i.e. [u(s),e(i)]”:a(s)e(i)uf’“s), deed, more at the top than at the bott(see Fig. 1
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Now, let us suppose that the liquid layer in which thewhereaf‘s)|zzzo is obtained from Eq(8), mis the submarine
submarine is immersed is a perfect fluid characterized by thg,555 andN,,|,—, =(0,1,0,0p°%0
= O i) ’ 1 .

energy-momentum tensor Now, by adding up Egq9.12) and(13) we obtain the total
THY= pyUthy Uty + Py (047 + Ufhyuly ), force on the submarine as

m dn(Z) VvV d(n(Z)Pg)

whereufj, = x*/x with X=|X“|=_e“2, andp( andP; are FO=— 7 di @ i .
the fluid’s proper energy_densny and pressure, respectively. n n z=2,
FromV,T#”=0, we obtain (14)
V#P =~ (pay*+Payag (99 In order to fix the submarine’s mass, we give to it just the
necessary ballast to keep it in hydrostatic equilibrium when it
whereaﬁ)=(0,ae*2“2,0,0). For later convenience, we cast lies at rest completely immersed. This means that we must
Eg. (9) in the form . o . vo—0
|mposeth|UO:0=0. Now, by recalling that) ——— x and
pnydx/dl+d(xPg)/dl=0, (10 using Eq.(10), we reach the conclusidr2] that the equilib-

) ) rium condition above implies that the submarine must be
where we have used thafj,=(V*x)/x anddl is the differ-  gesigned such that its mass-to-volume ratio obey the simple

ential proper distance i_n thé-axis direction. relationm/V=p. Then, by using this and E10) in Eq.
The proper hydrostatic pressures at the bottém and on (14, it is not difficult to write the total proper force on the
the topP+ of the submarine will be given by moving submarine as
PL/TET,U.VNf/TNi/T:P(|)|Z=Z ! (11) o ldyp 1dy
o Fio=—V(pa*+Pq)) wdl xd),

where N#,-=(0,1,0,0p~ *“4/T are unit vectors orthogonal
to the submarine’s 4-velocityand to the top and bottom v
surfaces Thus, the hydrostatic scalar forces on the top and =—V(ppy+ P(,))N”(—— —)
at the bottom of the submarine are K

FJ_/T:+/_APJ_/T:+/_AP(|)|Z=ZL/T' and, thUS,

. . 2,.—2aZ
whereA is the corresponding proper area. —Vipoy+Payagvoe ™

In order to combind=, andF+ properly, we must trans- 1—u§e*2“2
mit them to a common holding point. Let us assume that the =20
forces are transmitted through a lattice of ideal cables an
the submarine, whore its mass 1 alst consenirated. Ideffve Fia=0: @ it should be, but fopy0 we haverf,
’ ; ; : 0 and, thuswe conclude that a net force downwards is
cables and rods are those which transmit pressure throuqah :
N o . xerted on the submarine

V, T#"=0 and have negligible energy densities. As a conse-

uence of our thin-submarine assumption, our final answ In order to make contact of this result with the one ob-
q . " nption, ained through special relativity, let us begin by assuming
will be mostly insensitive to the choice @. F,,; are re-

. =pp=const, in which case we can easily solve E9):
lated to the transmitted force§®, at © by FO, BO”FPO y &)

Pny=po(e”**—1). By letting this in Eq.(15), btai
=[n(Z, ;1) 7(Zo)]F ;. Hence, the Archimedes law in- 0 =Po(® )- By letting this in Eq.(15), we obtain

duces the following scalar fordalong theZ axis) at O o mav e 4*?

Fot=—
1— U2e—2aZ
(12) o z=2¢

Now, let us assume that the submarine is close to the surface,

whereV is the submarine’s proper volume and we have as-® atZ~0, in which case the line elemef®) reduces to the

sumed thatd((Z)P,p,)/dl does not vary much along the usual line ele_zment form of the M|n.kowsk| space with
submarine so%a)t we can neglect highgr derivatives?This iET.Z:x.y) playing the role of the Cartesian coordinates. As a
natural in light of our thin-submarine assumption. consequence, E¢16) reduces to

In addition toF{, we must consider the fordelong the FO~—mgy(y—1/7)| 70, (17)
Z axis) associated with the gravitational field:

O _
I:tot_

, (15

Q/here we recall thaa(,)=ae*“2. Clearly, forvy=0 we

(16)
\% d(U(Z)Pu))

72)  dl ’

z=7,

FR=F{+F¢=-

where y= 1/\/1—1;02 and we have assumed that the gravita-

Fg=—magN,lz-7, tional field is small enough such that we can identify the
proper acceleration on the liquid volume eleme
— —mNK(Y, ) 7l cet =
_ _az . . . .
_ =ae *“ ——— a with the Newtoniangravity acceleration
=~ (M/n(2)d7(2)/dD|z—z, (13 g. Notice that the first and second terms in Eb7) can be
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associated with the proper gravitational and buoyancy forcedilack holes would have a non-zero entropy proportional to
respectively. Finally, by evoking special relativity to trans- the black hole area and formulated the GSL, namely, that the
form the force from the proper frame of the submarih@  total entropy of a closed systefincluding that one associ-
to the one at rest with the fluid, we reobtain Supplee’s for-ated with black holeswould never decrease. This would not
mula[1]: be enough, however, to prevent the GSL of being violated
F oo —mg(y—1/y) when the entropys in a spherical box with proper radius
fot 9y=y). satisfiesS>2EL, whereE=AQ [5]. This led Bekenstein

Thus according to observers at rest with the fluid, the gravito conjecture the existence of a new thermodynamical law,
tational field on the moving submarine increases effectivelynamely, that every system should have an entropy-to-energy
by a y factor as a consequence of the blueshift on the subratio satisfyingS/E<2zL. However, in 1982 Unruh and
marine’s energy and the buoyancy force decreases by th&ald showed 2] that by taking into account the buoyancy
same factor because of the volume contraction. The appaferce induced by the Hawking radiati$¢6] (as a comprehen-
ently contradictory conclusion reached in the submarine resive semiclassical gravity analysis would reqyittae GSL
frame by the mariners, who would witness a density increasaould not be violated by the Geroch process irrespective of
of the liquid volume elements, is resolved by recalling thatthe SIE<2#L constraint. Their resolution used the fact that
the gravitational field is not going to “appear” the same to static observers outside the black hole would see the Hawk-
them as to the observers at rest with the fluid. This is natuing radiation as a thermal ambiance, which would exert a
rally taken into account in the general-relativistic approacr’buoyancy force on the box, preventing it from descending
(and turned out to be the missing ingredient which raised th@eyond the equilibrium point. Eventually, it was shown that
paradog. This carjabze seen fro[nzaEZq13) by casting itinthe 1o energy delivered to the black hole increases its entropy
form Fg = —mae ““0/(1-voe""*“0). Hence, the effective  p, 4t jeast the amount contained in the bé%,,=S. This
gravitational force as perceived by the mariners will beyjgqered a vivid discussion about the self-sufficiency of the
larger than the one p%rcezlwzad bly observers at rest with thg,g) (see Ref[7] but also Ref[8] and references therain
water by a factor (fuvge ““%0)">1, eventually pushing o, our results suggest that if the box were orbiting fast
the submarine downwards. , _ around the black hole, its equilibrium point could descend
As an extra bqnus, the rgsolythn qf the subm'arme Probzng violate the GSL. It should be noticed, however, that this
lem (which we believe to be intriguing in its own righthay  ¢jrcymstance may not be as threatening as it might seem at
be also useful in the context of black hole thermodynamicsg gt pecause of the following extra ingredients. The first one
In 1970, Geroct{3] raised the possibility of constructing a s the centrifugal force, which acts in a rather non-trivial way
thermal machine with efficiency=1 with the help of clas-  [q]in the vicinity of black holes. The second one is the fact
sical black holes. The idea consisted of lowerstgwlyfrom ot the kinetic energy of the moving box would tend to
infinity & box containingAQ thermal energy and throwing jhcrease the box's total energy and perhaps compensate the

the content inside the hole as the box reached the event hasqction of the potential energy caused by any descension
rizon. The cycle would be closed by lifting back the empty ¢ the equilibrium point saving, hopefully, the GSL. A de-

box to the starting point. Since the thermal energy of the boxjleq calculation taking into account thesppositetenden-
content at the event horizon would vanish as measured byias in the same lines outlined above would be a welcome

static asymptotic observers, the work gained along the wholgeay test for the GSL.

cycle would be precisefW=AQ and the corresponding ef-

ficiency would bee=W/AQ=1. This remarkable process  The author is thankful to J. Caséimas, |. P. Costa e Silva
seemed to challenge the ordinary second law of thermodyand D. A. T. Vanzella for general discussions. G.M. also
namics since it was thought that the entropy lost in the blaclacknowledges partial support from Conselho Nacional de
hole would lead to no entropy increase counterpart. In ordeDesenvolvimento Cierftco e Tecnolgico and Fundgo de

to mitigate the problem, Bekenstei@] conjectured that Amparo aPesquisa do Estado dedRaulo.
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