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Relativistic Archimedes law for fast moving bodies and the general-relativistic resolution
of the ‘‘submarine paradox’’

George E. A. Matsas*
Instituto de Fı´sica Teo´rica, Universidade Estadual Paulista, Rua Pamplona 145, 01405-900, Sa˜o Paulo, SP, Brazil

~Received 19 May 2003; published 17 July 2003!

We investigate and solve in the context of general relativity the apparent paradox which appears when bodies
floating in a background fluid are set in relativistic motion. Suppose some macroscopic body, say, a submarine
designed to lie just in equilibrium when it rests~totally! immersed in a certain background fluid. The puzzle
arises when different observers are asked to describe what is expected to happen when the submarine is given
some high velocity parallel to the direction of the fluid surface. On the one hand, according to observers at rest
with the fluid, the submarine would contract and, thus, sink as a consequence of the density increase. On the
other hand, mariners at rest with the submarine using an analogous reasoning for the fluid elements would
reach the opposite conclusion. The general relativistic extension of the Archimedes law for moving bodies
shows that the submarine sinks. As an extra bonus, this problem suggests a new gedankenexperiment for the
generalized second law of thermodynamics.
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Suppose a submarine designed to lie just in equilibri
when it rests~totally! immersed in a certain backgroun
fluid. The puzzle appears when different observers are as
to describe what is expected to happen when the subma
is given some high velocity parallel to the direction of t
fluid surface. On the one hand, according to observers at
with the fluid, the submarine would contract and sink a
consequence of the density increase. On the other h
mariners at rest with the submarine using an analogous
soning for the fluid elements would reach the opposite c
clusion. To the best of our knowledge, the first one to disc
this apparent paradox was Supplee@1#. Because his analysi
was performed in the context of special relativity, assum
tions about how the Newtonian gravitational field wou
transform in different reference frames were unavoidable
order to set the resolution of this puzzle on more solid ba
a general-relativistic analysis is required. Rather than be
just an academic~and perhaps intriguing! exercise, we will
argue at the end that this problem also suggests a
gedankenexperiment for the generalized second law of t
modynamics~GSL!. We will adopt hereafter natural units
c5\5G5k51, and spacetime metric signature (2,1,1,
1).

Let us begin writing the line element of the most gene
spherically symmetric static spacetime as

ds252 f ~r !dt21g~r !dr21r 2~du21sinu2df2!, ~1!

where f (r ) and g(r ) are determined by the Einstein equ
tions Gmn58pTmn . We will consider the base planet whe
the experiment will take place as composed of two layers
interior solid core with total massM and r P@0,R2# (R2

.2M ) and an exterior liquid shell withr P(R2 ,R1#. The
gravitational field on the liquid shell will be assumed to
mostly ruled by the solid core, as verified, e.g., on Earth
this case, the proper acceleration experienced by the s
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liquid volume elements can be approximated
(M /r 2)/A122M /r and, thus,increases with depth. This
physical feature will be kept as we model the gravitation
field on the fluid in which the submarine is immersed, b
rather than locating it in the spacetime described by Eq.~1!,
we will look for a background with planar symmetry. This
necessary in order to avoid the appearance of centrifu
effects which are not part of the submarine paradox.~We will
come back to this point at the end in connection with t
GSL.! This is accomplished by the Rindler spacetime

ds25e2aZ~2dT21dZ2!1dx21dy2, ~2!

where a5const.0. The liquid layer will be set atZ
P(Z2 ,0#, where Z2,0 and we will assume thatuZ2u
@1/a in which case the total proper depth as defined
static observers will be approximately 1/a. The proper ac-
celeration of the liquid volume elements at some po
(T,Z,x,y) is a(l)5ae2aZ and, thus, indeed increases as o
moves to the bottom.

Let us assume the submarine to have rectangular sh
and to lie initially at rest in the regionx.0 at @Z' ,ZÁ#
3@x£ ,x¢#3@y1 ,y2#. For the sake of simplicity, we will as
sume the submarine to be thin with respect to the depth 1a,
i.e.eaZÁ2eaZ'!1. This is not only physically desirable as
way to minimize turbulence and shear effects, but also te
nically convenient as will be seen further. AtT50 it begins
to move along thex axis towards increasingx values in such
a way that eventually its points acquire uniform motion ch
acterized by the 3-velocityv0[dx/dT5const.0. However,
in order to keep the submarine uncorrupted, the whole p
cess must be conducted with caution. First of all, we w
impose that the 4-velocityu(s)

m of the submarine points sat
isfy the no-expansion condition: Q[¹mu(s)

m 50. This can be
implemented by the following choice:

u(s)
m 5

xm1v~xa!zm

uxm1v~xa!zmu
, ~3!
©2003 The American Physical Society01-1



ec

t
io

t
t

r

in

e

s

n

as-

ther

ill
g

not
ob-
c-

ers
ow-

t

BRIEF REPORTS PHYSICAL REVIEW D68, 027701 ~2003!
where xm5(1,0,0,0) andzm5(0,0,1,0) are timelike and
spacelike Killing fields, respectively, and

v~xa![
dx

dT
5H 0 for T/x,0,

e2aZT/x for 0<T/x<v0e22aZ,

v0 for T/x.v0e22aZ.

~4!

Hence, a generic submarine point will have a timelike traj
tory in the regionx.0, given by Z5Z05const, y5y0
5const and

x~T!5H x0 for T,0,

Ax0
21e2aZ0T2 for 0<T<Tun,

x0A12v0
2e22aZ01v0T for T.Tun,

~5!

whereTun5x0v0e22aZ0/A12v0
2e22aZ0 defines the momen

after which each submarine point acquires uniform mot
with constant 3-velocityv0 (0,v0,eaZ0).

It should be noticed that the no-expansion requiremen
a necessary but not sufficient condition to guarantee that
submarine satisfies the rigid body condition

¹ (mu(s)
n) 1a(s)

(mu(s)
n) 50, ~6!

i.e. that theproper distance among the submarine points a
kept immutable, wherea(s)

m [u(s)
n ¹nu(s)

m . This can be seen by
recasting Eq.~6! in the form

smn1~Q/3!Pmn50, ~7!

wherePmn[gmn1um
(s)un

(s) is the projector operator and

smn[~¹au(m
(s)!Pn)

a 2~Q/3!Pmn

is the shear tensor. If the submarine were infinitely th
(Z'5ZÁ), thensmn would vanish in addition toQ and the
rigid body equation~7! would be precisely verified. But this
is not so because the fact thatZ'ÞZÁ induces shear as th
submarine isin the transition region:0<T<Tun.

In order to figure out how this can be minimized, we mu
first calculate the eigenvaluesl (i) ( i 51,2,3! and the corre-
sponding~mutually orthogonal! spacelike eigenvectorsw(i)

m

~which also satisfyw(i)
m um

(s)50) associated with the equatio
sn

mw(i)
n 5l (i)w(i)

m :

l (1)50, l (2)/(3)51/2As2,

w(1)
m 5~0,0,0,1!, w(2)/(3)

m 5~s1
0 ,1/2As2,s1

2 ,0!,

where

s2[smnsmn/25a( l )
2 x2~x22x0

2!/x0
4 ,

s1
05ae2aZx~x22x0

2!/x0
3 ,s1

25ax2~x22x0
2!1/2/x0

3

and we recall thata( l )5ae2aZ. Then, by locally choosing a
3-vector basise(i)

m 5w(i)
m and assuming thate(i)

m is orthogo-
nally transported alongu(s)

m , i.e. @u(s) ,e(i) #
m5an

(s)e(i)
n u(s)

m ,
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one obtainsu(s)
m ¹mue(i)

n u5l (i) ue(i)
n u. Hence, the distortion rate

of a sphere inside the submarine along the principal axese(i)
m

is given by the corresponding eigenvaluesl (i) . In our case,
no distortion is verified along they axis ~seel (1) andw(1)

m )
and the distortion which appears in the transition region
sociated with theZ axis can be minimized by making
ul (2)/(3)u small enough. By using Eq.~5! ~at T5Tun), one
obtains

ul (2)u5ul (3)u<a( l )v0e2aZ'/~12v0
2e22aZ'!.

Thus one can minimize shear effects in the submarine ei
~i! by making the final velocity to be moderate (v0!eaZ'),
~ii ! by setting it in a small-acceleration region@in comparison
to the inverse of the submarineZ-proper size: a( l )
!a/(eaZÁ2eaZ')], or, as considered here,~iii ! by design-
ing the submarine thin enough (eaZÁ2eaZ'!1).

After the transition region, all the submarine points w
follow isometry curves associated with the timelike Killin
field hm5xm1v0zm. It is easy to check by using

a(s)
m 5~¹mh!/h5„0,ae22aZ/~12v0

2e22aZ!,0,0…, ~8!

where h[uhmu5eaZ(12v0
2e22aZ)1/2 that the rigid body

equation is fully verified in this stationary region:T.Tun. It
is interesting to notice that although mariners aboard will
perceive any significant change in the submarine’s form,
servers at rest with the fluid will witness a relevant contra
tion in the x-axis direction as a function ofZ ~and v0); in-
deed, more at the top than at the bottom~see Fig. 1!.

FIG. 1. The time evolution of ay5const section is plotted~us-
ing a51). At T50, the submarine is at rest and all the observ
agree about its rectangular shape. As its velocity increases, h
ever, the submarine contracts as a function ofZ according to the
observers at rest with the fluid@more on the top than at the bottom
~see slicesT5const.0)], although mariners aboard in will detec
no relevant change in shape.
1-2
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Now, let us suppose that the liquid layer in which t
submarine is immersed is a perfect fluid characterized by
energy-momentum tensor

Tmn5r ( l )u( l )
m u( l )

n 1P( l )~gmn1u( l )
m u( l )

n !,

whereu( l )
m 5xm/x with x5uxmu5eaZ, andr ( l ) and P( l ) are

the fluid’s proper energy density and pressure, respectiv
From ¹mTmn50, we obtain

¹mP( l )52~r ( l )1P( l )!a( l )
m , ~9!

wherea( l )
m 5(0,ae22aZ,0,0). For later convenience, we ca

Eq. ~9! in the form

r ( l )dx/dl1d~xP( l )!/dl50, ~10!

where we have used thata( l )
m 5(¹mx)/x anddl is the differ-

ential proper distance in theZ-axis direction.
Theproperhydrostatic pressures at the bottomP' and on

the topPÁ of the submarine will be given by

P'/Á[TmnN'/Á
m N'/Á

n 5P( l )uZ5Z'/Á
, ~11!

where N'/Á
m 5(0,1,0,0)e2aZ'/Á are unit vectors orthogona

to the submarine’s 4-velocity~and to the top and bottom
surfaces!. Thus, the hydrostatic scalar forces on the top a
at the bottom of the submarine are

F'/Á51/2AP'/Á51/2AP( l )uZ5Z'/Á
,

whereA is the corresponding proper area.
In order to combineF' andFÁ properly, we must trans

mit them to a common holding point. Let us assume that
forces are transmitted through a lattice of ideal cables
rods to some arbitrary inner pointO[(ZO ,xO ,yO) inside
the submarine, where its mass is also concentrated. I
cables and rods are those which transmit pressure thro
¹mTmn50 and have negligible energy densities. As a con
quence of our thin-submarine assumption, our final ans
will be mostly insensitive to the choice ofO. F'/Á are re-
lated to the transmitted forcesF'/Á

O at O by F'/Á
O

5@h(Z'/Á)/h(ZO)#F'/Á . Hence, the Archimedes law in
duces the following scalar force~along theZ axis! at O

FA
O5F'

O1FÁ
O52

V

h~Z!

d„h~Z!P( l )…

dl U
Z5ZO

, ~12!

whereV is the submarine’s proper volume and we have
sumed thatd„h(Z)P( l )…/dl does not vary much along th
submarine so that we can neglect higher derivatives. Th
natural in light of our thin-submarine assumption.

In addition toFA
O , we must consider the force~along the

Z axis! associated with the gravitational field:

Fg
O52ma(s)

m NmuZ5ZO

52mNm~¹mh!/huZ5ZO

52„m/h~Z!…„dh~Z!/dl…uZ5ZO, ~13!
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wherea(s)
m uZ5ZO is obtained from Eq.~8!, m is the submarine

mass andNmuZ5ZO5(0,1,0,0)eaZO.
Now, by adding up Eqs.~12! and~13! we obtain the total

force on the submarine as

F tot
O 52F m

h~Z!

dh~Z!

dl
1

V

h~Z!

d„h~Z!P(l)…

dl G
Z5ZO

.

~14!

In order to fix the submarine’s mass, we give to it just t
necessary ballast to keep it in hydrostatic equilibrium whe
lies at rest completely immersed. This means that we m

imposeF tot
O uv05050. Now, by recalling thath ——→

v0→0

x and
using Eq.~10!, we reach the conclusion@2# that the equilib-
rium condition above implies that the submarine must
designed such that its mass-to-volume ratio obey the sim
relationm/V5r ( l ) . Then, by using this and Eq.~10! in Eq.
~14!, it is not difficult to write the total proper force on th
moving submarine as

F tot
O 52V~r ( l )1P( l )!S 1

h

dh

dl
2

1

x

dx

dl D U
Z5ZO

52V~r ( l )1P( l )!N
mS ¹mh

h
2

¹mx

x D U
Z5ZO

and, thus,

F tot
O 5

2V~r ( l )1P( l )!a( l )v0
2e22aZ

12v0
2e22aZ U

Z5ZO

, ~15!

where we recall thata( l )5ae2aZ. Clearly, for v050 we
have F tot

O 50, as it should be, but forv0Þ0 we haveF tot
O

,0 and, thus,we conclude that a net force downwards
exerted on the submarine.

In order to make contact of this result with the one o
tained through special relativity, let us begin by assum
r ( l )5r05const, in which case we can easily solve Eq.~9!:
P( l )5r0(e2aZ21). By letting this in Eq.~15!, we obtain

F tot
O 52

mav0
2e24aZ

12v0
2e22aZU

Z5ZO

. ~16!

Now, let us assume that the submarine is close to the surf
i.e. atZ'0, in which case the line element~2! reduces to the
usual line element form of the Minkowski space wi
(T,Z,x,y) playing the role of the Cartesian coordinates. As
consequence, Eq.~16! reduces to

F tot
O '2mgg~g21/g!uZ'0 , ~17!

whereg[1/A12v0
2 and we have assumed that the gravi

tional field is small enough such that we can identify t
proper acceleration on the liquid volume elementsa( l )

5ae2aZ ——→
Z→0

a with the Newtoniangravity acceleration
g. Notice that the first and second terms in Eq.~17! can be
1-3
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BRIEF REPORTS PHYSICAL REVIEW D68, 027701 ~2003!
associated with the proper gravitational and buoyancy for
respectively. Finally, by evoking special relativity to tran
form the force from the proper frame of the submarine~17!
to the one at rest with the fluid, we reobtain Supplee’s f
mula @1#:

F tot52mg~g21/g!.

Thus according to observers at rest with the fluid, the gra
tational field on the moving submarine increases effectiv
by a g factor as a consequence of the blueshift on the s
marine’s energy and the buoyancy force decreases by
same factor because of the volume contraction. The ap
ently contradictory conclusion reached in the submarine
frame by the mariners, who would witness a density incre
of the liquid volume elements, is resolved by recalling th
the gravitational field is not going to ‘‘appear’’ the same
them as to the observers at rest with the fluid. This is na
rally taken into account in the general-relativistic approa
~and turned out to be the missing ingredient which raised
paradox!. This can be seen from Eq.~13! by casting it in the
form Fg

O52mae2aZO/(12v0
2e22aZO). Hence, the effective

gravitational force as perceived by the mariners will
larger than the one perceived by observers at rest with
water by a factor (12v0

2e22aZO)21.1, eventually pushing
the submarine downwards.

As an extra bonus, the resolution of the submarine pr
lem ~which we believe to be intriguing in its own right! may
be also useful in the context of black hole thermodynam
In 1970, Geroch@3# raised the possibility of constructing
thermal machine with efficiencye51 with the help of clas-
sical black holes. The idea consisted of loweringslowly from
infinity a box containingDQ thermal energy and throwing
the content inside the hole as the box reached the even
rizon. The cycle would be closed by lifting back the emp
box to the starting point. Since the thermal energy of the b
content at the event horizon would vanish as measured
static asymptotic observers, the work gained along the wh
cycle would be preciselyW5DQ and the corresponding ef
ficiency would bee[W/DQ51. This remarkable proces
seemed to challenge the ordinary second law of thermo
namics since it was thought that the entropy lost in the bl
hole would lead to no entropy increase counterpart. In or
to mitigate the problem, Bekenstein@4# conjectured that
.
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black holes would have a non-zero entropy proportiona
the black hole area and formulated the GSL, namely, that
total entropy of a closed system~including that one associ
ated with black holes! would never decrease. This would n
be enough, however, to prevent the GSL of being viola
when the entropyS in a spherical box with proper radiusL
satisfiesS.2pEL, whereE5DQ @5#. This led Bekenstein
to conjecture the existence of a new thermodynamical l
namely, that every system should have an entropy-to-en
ratio satisfyingS/E<2pL. However, in 1982 Unruh and
Wald showed@2# that by taking into account the buoyanc
force induced by the Hawking radiation@6# ~as a comprehen
sive semiclassical gravity analysis would require!, the GSL
would not be violated by the Geroch process irrespective
the S/E<2pL constraint. Their resolution used the fact th
static observers outside the black hole would see the Ha
ing radiation as a thermal ambiance, which would exer
buoyancy force on the box, preventing it from descend
beyond the equilibrium point. Eventually, it was shown th
the energy delivered to the black hole increases its entr
by at least the amount contained in the box,dSbh>S. This
triggered a vivid discussion about the self-sufficiency of t
GSL ~see Ref.@7# but also Ref.@8# and references therein!.
Now, our results suggest that if the box were orbiting fa
around the black hole, its equilibrium point could desce
and violate the GSL. It should be noticed, however, that t
circumstance may not be as threatening as it might seem
first because of the following extra ingredients. The first o
is the centrifugal force, which acts in a rather non-trivial w
@9# in the vicinity of black holes. The second one is the fa
that the kinetic energy of the moving box would tend
increase the box’s total energy and perhaps compensate
reduction of the potential energy caused by any descen
of the equilibrium point saving, hopefully, the GSL. A de
tailed calculation taking into account theseoppositetenden-
cies in the same lines outlined above would be a welco
new test for the GSL.
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