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Saul A. Teukolsky

Departments of Physics and Astronomy, Cornell University, Ithaca, New York 14853

{Received 13 March 1996; accepted 17 April 1996)

One class of explanations of the null result of the Trouton—Noble experiment uses the ¢

standard”’

definitions of electromagnetic energy and momentum but is quite complicated. Another class is
much simpler but appears to require new definitions of electromagnetic energy and momentum. We
reconcile the two sets of explanations and show that they are both physically correct. We use the
same arguments that have been used in discussions of the famous °‘4/3’ factor in the
electromagnetic mass of the classical electron. © 1996 American Association of Physics Teachers.

I. THE TROUTON~-NOBLE EXPERIMENT

Shortly before his death in 1901, Fitzgerald proposed an
experiment to measure the earth’s motion through the ether.'
The experiment was subsequently carried out by his former
student, Trouton. The idea was to look for the turning motion
of a charged parallel plate capac1tor suspended at rest in the
frame of the earth. Trouton® gave a simple energy argument
to predict a torque: The energy of a capacitor at rest in the
ether would be

Ug= ! fEZdv— gy

R 8 T 8w ’ (1.1)
where E is the electric field and V is the volume between the
plates. When the capacitor is moving through the ether in a
direction parallel to the plates, a magnetic field B=vXE ap-
pears. (We use units with the speed of light c=1.) Thus the
energy for parallel motion is

1 1
Ui=g- f (E2+B%)dV=o— (E*+v’E)V

=Up(1+0v?). 1.2)

When the capacitor is moving perpendicular to the plates,
there is no B field, and the energy is

U_L:UR<U”' (13)

Thus there should be a torque tending to rotate the capacitor
until the plates are aligned perpendicular to the velocity
through the ether, which is the lowest energy state. Since the
orientation of the capacitor with respect to the earth’s motion
through the ether would presumably be different at different
times of the day, one could look for this rotational effect.
When the expenment was performed by Trouton? and then
Trouton and Noble,? they obtained a null result The experi-
ment was repeated later by Tomaschek* and by Chase. 5
Chase was prompted by a claim by Miller® to have detected
a positive ether-drift velocity in a Michelson—Morley experi-
ment, and by concerns about the reliability of the Trouton‘—
Noble and Tomaschek experiments. Chase reported a limit’
of 4 km/s on any ether-drift velocity, compared with the
earth’s orbital velocity of 30 km/s.

I1. NAIVE RELATIVISTIC PREDICTIONS

Let us see what special relativity predicts if we redo Trou-
ton’s argument. Instead of considering motion through the
ether, we consider a capacitor moving with respect to some
observer with a uniform velocity v. We use bars to denote
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quantities in the rest frame of the capacitor. If v is perpen-
dicular to the plates, then it is parallel to the E field. The
Lorentz transformation gives

E=E, B=B=0, V=V/y, (2.1)
where y=(1-v% "2, Thus the energy is
I 1 E*V 1 _
U, =——(E +BY)WV=——_—=2-T. 2.2)
87T vy 0%

If on the other hand v is parallel to the plates, and so per-
pendicular to E, the transformation gives

E=yE, B=yvXxE), V=V/y. (2.3)
Thus
Uu:‘l“ (E*+B*)V= - (VE*+ Y0 E)V]y
8 8
=y(1+v?)U. (2.4)

So U, is once again less than U, and it seems that there
should still be an effect. In fact, if we expand the expressions
for U, and U, to second order in v, we see that the predicted
effect is twice as big as Trouton’s prerelativistic prediction.

However, the relativity principle forbids any such effect. If
a capacitor is in equilibrium for an inertial observer at rest
with respect to the capacitor, then it cannot appear to be
rotating in a uniformly moving frame, for otherwise we
could use this effect to single out the preferred frame that has
no rotation.

As we shall see, the explanation of the Trouton—Noble
experiment requires consideration of the constraint forces
holding the capacitor in equilibrium. The error in the naive
relativistic treatment in this section is that we ignored the
work done by or against these forces. Including the effect of
these forces leads to the ‘‘correct’” transformation law,
(5.3)-(5.5), showing that there is no torque.

III. GENERAL DEFINITION OF 4-MOMENTUM

Understanding how relativity predicts a null result for the
Trouton—Noble experiment involves understanding in detail
how electromagnetic energy and momentum should be com-
puted for a moving system. We can easily see that this is not
entirely trivial. For example, the electromagnetic field mo-
mentum for the case when the capacitor is moving parallel to
the plates is
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Fig. 1. Region of integration for Eq. (3.6).

1 1 | A 7
|P|=GUEdeV‘=GEBV=Z;(7E)(7vE) P

=2y(7v,

which differs by a factor of 2 from what we expect!

To understand this and similar apparent discrepancies, go
back to the general definition of the 4-momentum P* of a
system in terms of its stress-energy tensor T%:

(3.1

Po= Lraﬂd3zﬁ. (3.2)
Here, d32,g is the volume element for any inertial observer,
an infinitesimal region of the t=constant hypersurface 2, for
that observer. (Actually, 3, can be any spacelike hypersur-
face, but we will not need that degree of generality here.) We
can write

d’S g=—-Upgd’o, (3.3)

where U - the 4-velocity of the observer, is the unit normal
to 2. In the observer’s rest frame,

UP=(1,000), Ug=(-1000), d’o=dxdy dz.

(34)

Local conservation of energy and momentum is expressed
by the vanishing divergence of the stress-energy tensor,

T8 4=0, (3.5)

where the comma denotes the partial derivative. This implies
the global conservation law, that P“ is independent of time:
Consider the integral

0= fQTﬂ/{ #4Q (3.6)
over the four-dimensional region () bounded by two time
slices t=t,, t=t,, as shown in Fig. 1. Close the region ()
with timelike boundaries at infinity, shown as dotted lines in
the figure. By Gauss’s theorem, we can convert the integral
(3.6) into an integral over the boundary 3 of {). The “‘end”’

regions at infinity do not contribute, since we assume 7%%—0
at infinity. Thus

0= é T"ﬂd3§)ﬁ
t=ty,0=t,
= f— T"ﬂd323—f Taﬁd323, (37)
t=t, t=ty
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Fig. 2. Region of integration to show that P* is a 4-vector.

where the minus sign appears because the outrward normal to
3, is in the minus t direction on t=t¢,. Thus

P(12)=P*(t,). (3.8)

Similarly, we can show that P“ defined by (3.2) is, in fact,
a 4-vector. To do this we need to show that P” is indepen-
dent of the inertial frame used to calculate it. Compare P*
computed on the t=0 hypersurface of one inertial observer
with that computed on the r=0 hypersurface of a boosted
observer, as shown in Fig. 2.

The hypersurfaces intersect forming two four-dimensional
regions, I and II. Close each region with timelike boundaries
at infinity forming two bounded 4-volumes. Consider the in-
tegral (3.6) over volume I, and take into account the signs of
the normals as before. We find

f OT“5d32 = f ) OT"Bd32 g (Region I). (3.9
t= t=
A similar result holds for region 1I. Adding the equations for
the two regions, we get the desired result:

f TRd’3, 5= J_ T*Pd’3 ;. (3.10)
t=0 t=0

1V. THE 4-MOMENTUM OF A COMPOSITE
SYSTEM

Note that in proving that P® is a 4-vector, it is crucial that
T“B,B=O. In general, this is true only if 7% is the stress-
energy tensor for the entire system. If a system is composed
of two subsystems, then we will have

T*B=Teh+Tf, (4.1)
but in general neither term on the right-hand side will sepa-
rately have vanishing divergence. Thus, if we write

P*=P*+ Py, (4.2)
where
a _ af 43 a _
Pm—LTu)d 2 P(z)—L RLOPE 4.3)

then, in general, neither P?l) nor Pf‘z) is a 4-vector. However,
as long as we use the same 3. in the integrals (4.3), then the
sum is the total 4-momentum of the system, and it is inde-
pendent of the choice of 2.

As mentioned in Sec. II, to explain the Trouton—Noble
experiment, we need to consider the constraint forces hold-
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ing the capacitor in equilibrium. There are forces that keep
the two charged plates a fixed distance apart, and also forces
that maintain the static charge distribution on the plates de-
spite the electrostatic repulsion within the plane of the plates.
For sxmp11c1ty, we will call these forces the nonelectromag-
netic forces,” denoted by a subscript (), to distinguish them
from the electromagnetic forces, denoted by a subscript (e).
Thus we write

PE=Plyt PGy, (4.4)
where
a __ aff ;3 _ 3
P(e)_LT(e)d 2, Pf'n)—LTE'ﬁd 25. 4.5)

In fact, it is not even necessary that the constraint forces
be derivable from a stress-energy tensor—in a macroscopic
description they might simply be described by a force den-
sity f('j,). In this case, the local conservation law (3.5) is
replaced by

ey .3+f(n) (4.6)

Since

Tohs=—FPI=fG,),

where F*? is the electromagnetic field tensor and J g the
4-current density, we have

fon=—F=

In the second line we have written the components in any
inertial frame in terms of the Joule heating and the Lorentz
force density.

Now, for a macroscopic nonelectromagnetic force, one de-
fines the ‘‘4-momentum’” on a hypersurface 3, by

4.7)

—(E-J, pE+JXB). (4.8)

P&)sz?n)dm’ (4.9)
where the integral extends from r=— up to the chosen
hypersurface 3, and we assume f(;,)—0 as ——. This defi-
nition is explained in Appendix A. There it is also shown
that the definition (4.9) reduces to the definition (4.5) in the
case that f,, is, in fact, the dlvergence of a stress-energy
tensor. As pointed out earlier, P(, is not in general a
4-vector.

V. EXPLANATIONS OF THE TROUTON-NOBLE
EXPERIMENT

We are finally ready to address the explanation of the null
result of the Trouton—Noble experiment. Historically, there
have been two classes of explanations. The most frequent set
of f:xplanatlonsg‘13 is equivalent to having any inertial ob-
server make the choice ¢ =constant for the hypersurface 3 in
(4.5). This choice has the advantage that P(,, takes on its
familiar form in the observer’s frame:

Pf‘e)=J’ T*%x;

that is,

(5.1
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1
P?e)=ﬂ f (E*+B*)d’x= f ud’x,
. (5.2)
Po=7- f (EXB)d3x=fgd3X-

However, as we have seen above, Pf‘e) does not transform
like a 4-vector if f,#0. The “‘explanations’” of the null
result of the Trouton—Noble experiment are equivalent to
determlmng P(,) and then showing that the sum
P* P(e)+P(,,) ehaves as expected for a 4-vector; i.e., if in
the rest frame

P*=(U,0), (5.3)
then in the observer’s frame
=(yU,yUv). (5.4)

The time component of Eq. (5.4) shows, in particular, that

U=vyU, (5.5)
independent of the orientation of the system. Thus there is no
torque on the moving capacitor.

The explanations in this class require a certain degree of
ingenuity and perseverance to track down and calculate all
the nonelectromagnetic contributions. Readers can judge for
themselves the accuracy of this assessment by consulting,
e.g., Refs. 11 and 12.

The second class of explanations is equivalent to the
choice #=constant in the rest frame of the system for the
hypersurface 3, in (4.5). All observers agree to use this
choice of 3. This choice has the disadvantage that it leads to
unfamiliar expressions for P(, in the observer’s frame:

14-16

Py, = f Tehd*S g=— f T{AU pd°x. (5.6)
= const
Since d’x= yd®x and Uﬁ=(—y,'yv), we get
P72 [ (1= 1% )a>x,
(5.7)
(e) ,YZJ (TIO_TUU )d3
or
Pl=7* f (u—v-g)d’x, (5.8)
P.,=7 j (g—v-T)d>x, (5.9)

where T is the Maxwell stress tensor. Here, all quantities
have been expressed in the observer’s frame.

The key advantage of this choice is that it leads to consid-
erable simplification for a system that has no momentum
density g in the rest frame, for example, an electromagnetic
system with B=0. In the rest frame, v=0 and the above
expressions reduce to

Pl,= f ud’x, P,=0. (5.10)
In the observer’s frame, since ]—3=0, Egs. (2.1) and (2.3) give
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B=vXE. (5.11)
Thus
v-(EXB)=(vXE)-B=B2 (5.12)

Hence, Eq. (5.8) becomes

E*+B* B? ¥
0 _ _2 V5.7 2_p2\ 43
P(e)*YZJ 87 477)‘” 87rj(E B)dx.
(5.13)

. . . . — — =2
Since E2—B? is a Lorentz invariant, E2—B>=E*—B*=E?,
and so

P?e)=£ J' E*d*%=yU. (5.14)
Similarly,
4mv-T=v-[ —EE— BB+ ¥E>+B%)1]
=—(v-E)E+ X E*+B?)v, (5.15)
since v-B=0. Also,
47g=EXB=EX(vXE)=E*y—(E-V)E. (5.16)
Substituting Eqs. (5.15) and (5.16) in (5.9), we get
Yv _
Po=g- J' (E*-B*)d’x=yUv. (5.17)

Thus the quantity P, does transform like a 4-vector when
it is computed with this prescription for a system with B=0.
This makes the description of the behavior of the system
much simpler than with the ‘“usual”’ choice of 2, for com-
puting the 4-momentum of a composite system. For ex-
ample, we know immediately from the fact that P(ae) has the
form of Eq. (5.3) that the energy (5.5) has no directional
dependence and so there is no torque associated with this
4-momentum.

‘What about the nonelectromagnetic forces in this descrip-
tion? Clearly, since the sum (4.4) is a 4-vector, it must be
true that P(;, is also a 4-vector in this description. In Appen-
dix B we show that it is the trivial 4-vector

Pg,=0, (5.18)

and hence also has no associated torque.

V1. DISCUSSION

We have approached the explanation of the Trouton—
Noble experiment by considering the energy of the moving
capacitor. One can also consider the effect of the various
forces in the system (see, e.g., Ref. 11). One gets apparent
paradoxes because the direction of a force can change under
a Lorentz transformation. One must in fact be careful
whether one is discussing forces or force densities. A force
density is the divergence of a stress-energy tensor and so is a
4-vector. Individual force densities can be correctly trans-
formed with a Lorentz transformation. Moreover, if the re-
sultant force density cancels in one frame, it cancels in all
frames. The condition for equilibrium of a body is that the
resultant force vanishes, which requires integrating the force
density over the volume of the body at some instant. If in-
stead one splits the total force into forces due to subsystems,
each of which is an integral over the volume [cf. Eq. (A2)],
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then these constituent forces are not in general 4-vectors.
Using the Lorentz transformation law blindly for these con-
stituent forces can lead to paradoxes. However, provided one
chooses the same #=constant hypersurface for all the volume
integrals, the total force is well defined and one can show
that equilibrium in the co-moving frame corresponds to equi-
librium in a moving frame.

As we have seen, reconciling the different energy-based
explanations of the Trouton—Noble experiment involves un-
derstanding how the 4-momentum of composite systems
transforms. The noncovariance of the electromagnetic
4-momentum when sources are present is well known, but
not often emphasized in introductory treatments. For radia-
tion fields, there are no sources and hence no problems. In
general, however, one must consider the nonelectromagnetic
contributions to recover a true 4-vector quantity. The split
into electromagnetic and nonelectromagnetic parts is quite
arbitrary and neither piece separately is a 4-vector in general.
However, with the decomposition made by using the rest
frame of the system as in Eqs. (5.8) and (5.9), for a large
class of systems the electromagnetic and nonelectromagnetic
pieces are separately covariant. The class of such systems is
that for which there is no net electromagnetic momentum in
the rest frame:

f gd®c=0. (6.1)

It includes in particular systems with B=0.

Note that for the simpler class of explanations of the
Trouton—Noble experiment, in fact no new definitions of
electromagnetic energy and momentum are required. These
quantities are still integrals of the corresponding densities
over all space. However, by integrating these densities in the
rest frame of the system rather than in the observer’s frame,
one deals with quantities that are true 4-vectors. It is thus not
surprising that the resulting description is simpler.

The splitting of the 4-momentum into electromagnetic and
nonelectromagnetic contributions has been extensively
discussed'®~1% in connection with the famous “‘4/3” factor in
the electromagnetic mass of the classical electron. The view-
point presented in this paper follows that of Rohrlich'® in his
discussion of that problem. In fact, the arguments in the body
of this paper are simply an extension of Rohrlich’s argu-
ments from the classical electron mass to the Trouton—Noble
experiment.

Proponents of each class of explanations described in Sec.
V have had a tendency to label the other class of explana-
tions as misguided or wrong. For example, we find in Ref.
15, ““An explanation of this paradox was invented by Laue
and repeated by Pauli and others.”” Or in Ref. 11, “‘Contrary
to what was claimed earlier, a ‘satisfactory’ explanation of
the null results of the Trouton—Noble experiment in no way
demands a change in the standard definition of the electro-
magnetic energy-momentum density.”’ I believe this kind of
statement simply obscures the main point: There is no physi-
cal content to insisting on a splitting of 4-momentum into
pieces that are not 4-vectors. With any given splitting, one
gets a perfectly valid explanation provided one accounts for
all the contributions to the 4-momentum. It is then a matter
of taste which particular explanation is most satisfactory. My
own taste is for simplicity, in which case the splitting that
uses the rest frame of the system is the ‘‘best’’ explanation
of the Trouton—Noble experiment.
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APPENDIX A

Here, we amplify the definition (4.9) of 4-momentum in

terms of force density. Consider first calculating
3-momentum from force:
t dp t

P=f Edtzf F dt. (A1)

Here, we assume that F—0 and P—0 as t——o, so that the
momentum at any instant is just the accumulated result of the
force. Now, if the force is expressed in terms of a force
density,

F= f fd3x, (A2)
we get
t
P= f dt f a’xf, (A3)

which is just the spatial component of Eq. (4.9). The time
component of Eq. (4.9) is simply the statement that the en-
ergy is the accumulated rate of doing work on the system,
and the rate of doing work follows from the relation

fo=f.v

between the components of the 4-force density.

In practice, we typically end up considering the difference
of P(,, in Eq. (4.9) on two different hypersurfaces 3; and
3,, In which case the integral (4.9) will extend over a
4-volume () that is finite in . In a system like that of the
Trouton—Noble experiment, we can instead imagine ‘‘clamp-
ing’’ the charges simultaneously in the rest frame at 7, when
they have been assembled into their final equilibrium posi-
tions. Then the force density vanishes for f<t;, and again
the 4-volume is finite in time.

Note that if f,) = ng,,g, then Eq. (4.9) gives

(Ad)

a _ afS 40y af ;3
Pl = f Tined* Q= j Tehd3 . (AS)

In other words, the definition (4.9) reduces to the definition
(4.5) in the case that f(, is, in fact, the divergence of a
stress-energy tensor.

APPENDIX B

Here, we verify Eq. (5.18). Consider, first, the force hold-
ing the plates apart. In the rest frame, Eq. (4.8) gives

=0, (B1)
= pE=G6(1—1,)[ 8(%) — 8(x— d)]E. (B2)

Here, & is the surface charge density on the plates, taken to
be the planes x=0 and x=4d, and 6§ is a Heaviside step func-
tion to denote that the force density vanishes for 7<7;, as
discussed in Appendix A. Thus
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pgn)=fd4xfﬂ=fd4fy(f5—v-?)=o. (B3)

Here, we have used the invariance d*x = d*x and the fact that
the two terms in Eq. (B2) give equal and opposite contribu-
tions.

Similarly,

P,)= f dxf= f AT+, — yvf0) =0 (B4)

for the same reasons as P?,,)=0. [In Eq. (B4), the |l and L
components are with respect to the direction of v.]

The repulsive forces in the plane of each capacitor plate
also contribute no net 4-momentum. The reason is again
symmetry: In the rest frame, choose the otigin of the coor-
dinates in the center of one of the plates, which we take to

lie in the yz-plane. Then the y component of the repulsive
force on a charge element at (y,z) is in the direction of
increasing y for y>0, and decreasing y for y<0. This is
similar for the z component of the force. Thus, when we
integrate over dydz in Eqgs. (B.3) and (B.4), we get zero by
symmetry.
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Teaching physics with 670-nm diode lasers—experiments with Fabry—Perot

cavities
R. A. Boyd, J. L. Bliss, and K. G. Libbrecht®
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In a previous paper we described details of the construction of stabilized 670-nm diode lasers for use
in undergraduate physics laboratories. We report here a series of experiments that can be performed
using the 670-nm diode laser, a homemade scanning Fabry—Perot cavity, a helium—neon laser, a
simple photodiode, and a few pieces of electronics hardware. The experiments inctude: (1) an
introduction to the scanning confocal Fabry—Perot cavity, and to its use as an optical spectrum
analyzer; (2) laser frequency modulation and observation of FM sidebands using the optical
spectrum analyzer; and (3) the Pound—Drever method for servo-locking a Fabry—Perot cavity to a
laser. These experiments are relatively easy to set up and perform, yet they demonstrate a number
of useful optical principles and experimental techniques. © 1996 American Association of Physics

Teachers.

L. INTRODUCTION

In a previous paper by Libbrecht ef al.! we described the
construction of stabilized 670-nm semiconductor diode la-
sers for use in undergraduate teaching laboratories. These
inexpensive visible lasers emit tunable coherent light which
can be used to perform a number of interesting and funda-
mental physics experiments. The lasers provide the founda-
tion for a new 9-week (one quarter) senior physics lab course
at Caltech, which consists of a series of experiments in op-
tical and atomic physics.

An attractive feature of the Caltech course is that it is track
based, i.e., students all follow the same track in parallel. The
course begins with simpler experiments to build up experi-
ence with the equipment and the physics; students then move
on to more complex experiments as the course progresses.
The equipment needed for these experiments is sufficiently
inexpensive that several setups can operate simultaneously,
which is necessary for a track-based course.?

We describe here a series of three experiments involving
lasers and Fabry—Perot cavities. The first (and simplest) ex-
periment consists of aligning two spherical mirrors to form a
confocal cavity, and using the cavity as an optical spectrum
analyzer. This familiarizes the students with basic Fabry—
Perot cavity concepts and gives them experience aligning an
optical cavity.

In the second experiment, the students use their optical
_spectrum analyzer to observe FM sidebands on a diode laser
beam. The sidebands are produced by rf modulation of the
diode’s injection current. The shape of the FM sidebands is
readily calculated, and students have the opportunity to com-
pare their calculated spectra with observed spectra.

In the third experiment, the students use the Pound—
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Drever method to lock a Fabry—Perot resonance frequency to
the diode laser’s frequency. FM sidebands are added to the
optical carrier, and an optical 1f circuit produces an elec-
tronic error signal which is related to the difference between
the laser frequency and the resonance frequency of the near-
est longitudinal cavity mode. The error signal is then used to
servo-lock the cavity to the laser. In our experience this ex-
periment is particularly popular. It involves concepts that are
both powerful and fairly easy to grasp, and most of our un-
dergraduate students (physics majors) are unfamiliar with rf
technology and servo mechanisms at the beginning of the
course.

The first of these three experiments is not unlike other
undergraduate laboratory experiments involving Fabry-—
Perot cavities.>~® The other two experiments, however, since
they require the addition of rf sidebands to the laser, are
usually considered too expensive for a teaching lab. This is
no longer the case, since sidebands can be easily added to a
diode laser’s output via rf modulation of the laser’s injection
current, as is described below.

II. THE OPTICAL SPECTRUM ANALYZER

Fabry—Perot cavities are in widespread use in optical
physics, for such applications as sensitive wavelength dis-
criminators and for building up large light intensities from
modest input powers. In this first experiment students as-
semble a Fabry—Perot cavity and examine its properties. Fig-
ure 1 shows the basic Fabry—Perot cavity, consisting of two
spherical mirrors separated by a distance L. An excellent
detailed discussion of the properties of Fabry—Perot cavities
is given by Yariv.”
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